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HHOACHUTEJIBHAA 3AIINCKA

Metonnueckne pPEKOMEHIAIMU IO MOJATOTOBKE K MPAKTUYECKUM 3aHATUSIM II0
nucuuiuimae «MaTteMaTtukay npeaHa3HaueHbl 71 CTYJICHTOB | Kypca.

OcHoBHas 3agada oOpa3oBaHUs 3akioyaeTcss B (OPMHUPOBAHUU TBOPUECKOM
JUYHOCTH  CIEIUAIUCTa, CIOCOOHOr0O K  CaMOpPa3BUTHIO, CaMOOOpa3OBaHUIO,
MHHOBAIIUOHHOW JEATENBbHOCTU. PelleHue 3ToM 3ajayd BPsAJ JU BO3MOXHO TOJBKO
MyTeM TMepeaauyd 3HAaHUHW B TOTOBOM BHJI€ OT IIpenojaBareiss K OOydaronieMycs.
Heo6xonumo mnepeBecTd oOydYaromerocss M3 NACCUBHOTO TMOTpeOUTENs 3HAHUM B
aKTUBHOTO WX TBOpPIA, yMewIiero chopMmyiaupoBaTh MpoOjeMy, MpOaHATU3UPOBATH
NyTH €€ PEIICHUs, HAUTU ONTUMAJbHBIM pPE3ylbTaT M JI0Ka3aTh €ro MPaBUIBHOCTD.
CrnemyeT npu3HaTh, YTO MPAKTUYECKUE 3aHSATHUS SBISIOTCS HE MPOCTO BaKHOU (hopMoi
00pa3oBaTeILHOTO MPOIIECcCa, a JOJDKHBI CTaTh €r0 OCHOBOM.

[TpakTrueckue 3aHATUA TPOBOJUTCSA C IEIBIO:

- CHUCTEMATHU3alMM W 3aKPEIUICHUS TOJIYYEHHBIX TEOPETUYECKUX 3HAHUU

oOydJarommxcs;

- yrayOJICHUS ¥ paCIIUPEHUS TCOPETUICCKUX 3HAHU;

- pa3BHUTHS MO03HABATEIbHBIX CIIOCOOHOCTEH U AKTUBHOCTH
00yYaIONINXCs: CaMOCTOSITEIIBHOCTH, OTBETCTBEHHOCTH U OpPTaHW30BaHHOCTH,

TBOPYECKON MHUIIUATUBBHIL;

- dbopMHUpOBaHUS  CAMOCTOSITEIBHOCTA  MBINIJIEHUS,  CIIOCOOHOCTH K
CaMOpPa3BUTHIO, CAMOCOBEPILICHCTBOBAHUIO U CaMOpEaInu3aliu.

VYyeOHoe mocoOue COAEPKUT PEKOMEHIAIMH M0 TMOJATOTOBKE K MPAKTHYECKUM
3aHATUSAM, BKIIFOYas:

- TEOPETUUYECKUIN MATEPHAIL, U3JIOKCHHBIN KaK CIIPABOYHBIM MaTepHUal;

- o0paslibl peleHrs TUTIOBBIX 3a/IaHUK;

- BOIIPOCHI JJIs1 CAMOIIPOBEPKH;

- 3aJaHUsI 1JIs1 CAMOCTOSATENBHOTO PELICHUSI.

Meronndeckne  pEeKOMEHJIAIMUM  MOMOTYT  CTyA€HTaM B  OpraHu3anuu
CUCTEMATHYECKOW pabOThl /ISl TPUOOPETEHUSI OMBITA MATEMATUYECKOTO MBIIUICHUS U
OBJIaICHUS W30paHHOW CHENHAIBHOCTBIO, MJI1 KOTOPOM MaTeMaTUYECKHE 3HaHHS
SABJISIIOTCS] 0A30BBIMU.



Tema 1
IloBTOpEeHUE Kypca MATEeMATHKH OCHOBHOM HIKOJIBI
KpaTkue TeopeTnyeckue cBe1eHHsA
Ywucro - 0HO U3 OCHOBHBIX TIOHATUH MAaTEMAaTHKH, TIO3BOJISIONINE BBIPA3UTh PE3YIbTATHI CUETA
WM H3MEPCHUSL.

Korga-to uncneHHOCTP MHOXKECTBA HE OTICISUIACH OT JIPYTMX €ro KayecTB, W Ui TOTO,
9TOOBI CPAaBHUTH JIBA MHOXKECTBA, MX AJIEMEHTHI PACIoJiarajid APyr MPOTHUB JPyra HO IMOTOM
OKa3aJIoCh, 4YTO YyAOOHEEe CpaBHUTh BCE MHOXKECTBA C OJHMM U TEM >X€ MHOXECTBOM-
mocpeHIKOM. Tak Kak MmajbIbl OBLIN BCETa MPHU ce0e, TO M CTAIIU CUUTATh 110 TATbIIAM.

A TOTOM TOSIBUJIMCH OCOObIE HAa3BaHUs JUIsl YHCEN - CHayajga Jyisi HEOOJBIINX, a MOTOM Jis
OOJIBIIINX.

Ho 3anmceiBaTh Takue rpoMaaHbple YHCHIA €II€ HE YMEIU. DTO CTajJ0 BO3MOYKHBIM TOJBKO
MocJie TOTO, KaK WHJAWWCKAMH MaTeMaThKaMmu Oblla mpuiaymMaHa Iudpa HyJIb U €0 CTalld
0003HaYaTh OTCYTCTBUE €AUHHUI] B pa3psaax ACCIATUIHON 3aMMCH YUCIIA.

Lugpol — ycnoBHBIE 3HAKY /11 0003HAUYCHHS YHCETT.

N3ydyenne maTeMaTUKU HaYMHAETCS C HATYpPaJIbHBIX YMcCen, T.€. ¢ uucen 1, 2, 3, 4, 5,.... Ilpu
CJIOKEHHH M YMHOXCHHUH HATypaIbHBIX YHCEI BCET/Ia MOJyJaroTCsl HaTypalibHbIe uncia. OqHaKo
Pa3HOCTh M YaCTHOE HATYPaIbHBIX YUCEI MOTYT HE OBITh HATypPAIbHBIMHU YHCIIAMH.
JloToTHEHNEeM HATypallbHBIX 4YHCEN HYyJeM W OTPUIATCIIbHBIMH YHCiIaMH (T.€. YHCIIAMU,
MIPOTHUBOTIOJIOKHBIMA ~ HAaTypaJIbHBIM) MHOJXKECTBO HATypPaJIbHBIX YHCENl PaCIIUpsieTcs 10
MHOJKECTBA IEJBIX Uncel, T.€. yncen 0, £ 1, £2, £ 3, ...

[Ipu ciio)keHWH, BEIYMTAHUU W YMHOYXCHHH IIEJIBIX YHCEN BCETJa IOJIy4aroTCs IIEJbIe YHUCIA.
OnHako 9acTHOE JIBYX LEBIX YUCEN MOXKET HE OBITh 1[EJIBIM YHCIIOM.

[Ipy BBIMONHEHUMU YeThIpeX apu(METHUYECKHX MAEUCTBUM (KpOMe [eleHHs Ha HyJb) HaJ
paloHaIbHBIMU YHCJIAMU BCET1a MOIY4aloTCsl palliOHaIbHbIE YHCTIA.

beckoneunyro npecarnunyto apoOs 0,3333... Ha3BIBAIOT nepuoouyeckoll, TOBTOPSIONIYIOCS
uudpy 3 — ee nepuooom. Ilepmoanueckyro npoos 0,333... kopoTko 3ammchiBaroT Tak: 0,(3) ;
yutaercs: «Hoib HenbIX U TpU B IEPUOAL».

Ilepuoauyeckasi aApodb — 5TO OCECKOHEYHAs JecATHYHAs JpoOb, Yy KOTOpPOM Ha4yMHas C
HEKOTOpPOTO AECATUYHOIO 3HaKa MOBTOPSETCS OJHA U Ta e Hudpa WIK HECKOIbKO HUPp —
Mepuo IpooHu.

Ecnu GeckoHeuHasi JecaTUYHASA APOO0b HEMepUoIuYecKasi, TO OHA HE SBJISAETCS pallOHAIbHBIM
gucinom. Hampumep, apo6s 0,101001000100001..., B koTopoii mociie nepBoi mudper 1 crout
OJIMH HYIIb, TIOcJe BTOpoil tudpel 1 — aBa HyNs U, BooOIe, mocie N — i u@psl CTOUT N HyJeEH,
HE SIBJISIETCS MIEPUOINYECKOM.

[ToaTomy HanmucaHnHas IpoOb HE MPEACTABISIET HUKAKOTO pallMOHAILHOTO YKcia. B aToM cinydae
TOBOPST, YTO AaHHAS JPOOb SBISETCA UPPAYUOHATLHBIM YUCTIOM.

HppaiimoHaibHBIM YKCIIOM Ha3bIBaeTCsl OECKOHEUHAs AeCATUYHAs Helepuoaudeckas 1po0os.
HppatmoHanbHble yiciia MOTYT OBITh MOJIOKUTEIBHBIMU U OTPHUIIATETbHBIMU.

Ilpumepwr:  uucno  0,123456789101112... - mnonoxwutenbHoe, a  -5,246810121416...-
OTPHIIATEIILHOE.

\/E,—\/g, 3 7 y 7T - TAK)KC UPppallMOHAJIBHBIC YU CJIa.

PanmonanbHbIe U UppalMOHATIEHBIC YHCIIA 00Pa3yIOT MHONCecmao delicmsaumenvhblx yucen R.
Onpeodenenue: JlelicmeumenbHbiM YUCIOM HA3bIBAEMC OECKOHeYHas 0ecamuunas opods, m.e.
0pobb 8uoa

+a,,a,0,0,... UL —dy,a,d,0,...,
20e a,- yenoe HeOMpuyamenbHoe YUCio, a Kaxcoas uz Oyké a,,d,,ds,...- 9Mo 00HA U3 0ecamu
yugpp: 0, 1,2, 3,4,5,6,7,8 9.
Ipumep: = =314159...3necb a, =3, a, =l a, =4,a;, =1,a, =5,a; =9



3agaum VI CAMOCTOSATEIbHOI0 PelieHU s
1 BapuanT

1. Beruncnutre % (1,3-0,9).

4,5.10"%
9.10~2

2. Haiinute yacTHO® . OTBeT 3anuImTe B BUJIE ICCATUIHON APOOH.

3. HaiinuTe 3Ha4eHNE BBIpaKEHUS c a b mpu a=—4,8 ;b=0,2; ¢c=0,6.
+

4. YrpocTuTe BhIpa)KeHUE

. [,2
5. Ipy KaKuX 3HAYEHHUSAX IEPEMEHHON X HMEET CMBICI BhIpaxkenne VX~ + 2X ?

6. [padux kakoil KBajpaTHyHOW (YHKIMKM W300pakeH Ha
pucysnke?

1) y:—x2+5x—4 2) y:—x2—5x—4

3) y:x2+5x—4 4) y:x2_5x_4

7. Pemmre Hepasencteo (X —2(2X+3) > 3.

8. IIpounraiite 3amauy: «[1m0mane MPSMOYTONBHOTO TPEYrodbHUKA paBHA 24 cM?. JITHHBI €ro
KaTeToB OTHOCATCS Kak 3:4. HaiinuTe ATUHBI KATETOB 3TOTO TPEYTOJIBHUKAY.

HYCTB aub - JJIAHBI KaTE€TOB TPEYIOJIbHUKA (B CM), npuieM, a - AJIMHa MCHBIICIO KaTcTa.
Kakas cucrema ypaBHCHI/Iﬁ HE COOTBETCTBYET YCJIOBHIO saz[aqn?

ab =48, ab =24, 1 ab =24 ab =48,
D ja_3 - 2 ja_3 - I 3?2 -4 \b_4
b 4 b 4 4a=3b a 3



9.Tlpamas Y = X mepecekaeT mapabony Y= X°—2 & ABYX
TOYKax. Beruuciure KOOpAMWHATBI TOYKU A.

2 BapMaHT

12

Slw
Wl

1. Beruucnure (

2. Haiinute npousseneHue (2, 6-10 2 ) . (5 10 2 ) . OTBET 3aIHUIINTE B BUJIE JECITUIHON

poowu.

pH a=64;:b=-2; c=12

3. HaiinmuTe 3HaYeHNE BBIpAKEHUS

4. YopocTuTe BEIpOKEHHE — + —.
2X X

. [,2 "
5. Ipy KakuX 3HAYECHHUAX IEPEMEHHON X BhIpakeHne VX~ —3X He MMeeT CMbICJIA”

6. 'padmk kakoil KBagpaTUYHOW (YHKIUU H300paKeH Ha
pucyHke?

1) y=x>-2x-8 2) y=—x>-2x-8

3) y:x2+2x—8 4) y:—x2+2x—8

7. Pemure Hepasenctso 4(3X—1)—8x>12.



8. [IpounTaiite 3anauy: «Ha oaHo TuiaThe U TpH capadaHa mouuo 9 M TKaHH, a HAa TPH TaKHUX K€
IUIaThs ¥ IATh capagdaHoB — 19 M Tkanu. CKOJIBKO METPOB TKaHU NOTPEOYeTCs Ha OJJHO TUIAThE U
Ha oJtuH capadan?».

ITycth x - KONMMYECTBO TKaHU (B M), KOTOpoe NOTpedyeTcs Ha OJHO IUIaThe, Y - KOJIMYECTBO
TKaHu (B M), KOTopoe moTpedyercs Ha onauH capadan. Kakas cucrema ypaBHEHUH He
COOTBETCTBYET YCIIOBUIO 331a4u?

{2x+6y:18, , X+3y=09, 3 X—9=-3y, A X+3y=9,
3x+5y=19 5y=19-3x ) 3x+5y =19 3x+19=5y

A
9.Tlpsamas Y =— 2X nepecekaer mapabony Y =-— X2 +3 8 NBYX y

TOouKaX. Beramcimre KOOpAMHATBI TOYKU B.

Tema 2
Kopuu, crenenu u jiorapugmsi

ToxnecTBeHHbIE MPe00pa3oBaHUs HAJl apuPMeTHYeCKMMU KOPHIMHU HATYPAJIbHOM
CTeNneHu

KpaTkue TeopeTnueckue cBegeHHs
Omnp. ApudmeTnueckuM KOpHEM HaTypallbHOM CTETIEHU 7 > 2 W3 HEOTPULATEIBHOTO Yncia
a Ha3bIBaeTCs
HEOTPHUIATENILHOE YUCIIO, /1 — as CTENEHb KOTOPOTO paBHA a.

Mpumepsl
1. 364 =4, tax xax 4> 0 4° = 64 2. 125=5, Takkak5>0wu5° =125
U3 onpeiesnenus apupMETHIECKOTO KOPHS ClielyeT, uto ecnit a > 0, To (4/2 )n =a u

Yo" =a

CBoiicTBa apu(pMETHIECCKOT0 KOPHS:
ApudmeTHueckuii KOPEHb 71 — 0¥ CTeNeHH 00IalaeT CIECAYIONUMH CBOMCTBaMU: ecii a > 0, b >
0 u n, m - HaTypanbHbIC YUCHA, NpUYEM n > 2 , m >2 ,TO

1. zfa-b=%/a-%b 2. n\/% =§/\/§
3. (a) = ¥a 4. yva = ™fa

KOpeHL HEUYETHOM CTETISHH U3 OTPULATCIIBHOT'O YHCJIa @ BBIYUCIIACTCA CICAYIOIIUM 06pa30M:




2k+i/_ 2k+1[

Hanpumep, /-3 =—5w/ 2° = -

[TpumMepsl NpUMEHEHUS! CBOMCTB apH(PMETHUECKOTO KOPHSL.

1. 427-43=4/27-3 =‘{/_:4\/3_“=3

) /25 \f /256 4 _ 4
' 5

3. 7 521 — ' — 53 =1

4. 3/ /4096 =1%/ 22 =2

s. (v8)" =yo7 =4[ L -1

3agaum AJ19 CaMOCTOSATEIbLHOTIO pelicHus

[EY

1 BapuanT

[y

8
1
. Beruncants: a) 339 .2° : 6) 43“ (gj
. YNpoCTHTH BbhIpaKeHHe: a) (3\/? )3 ; 0) (%/a_z-“\/g)lz;

2

2 BapuMaHT

1 20
1. Bpruncaute: a) Y/2°.5° 6) 194% (Ej
6 6
2. YIPOCTHTB BbIpAakKeHHe: | a) ( 3 a2b) ; 0) (\/E : 3{/6)
m

Omp. Eciu n — HaTypasbHOE YUCII0, 7 — [EJIOE YKMCIIO U YaCTHOE — — SIBJISAETCS LIENBIM

n
m
YUCIIOM, TO TIpH a > () cripaBeIJIMBO PaBEHCTBO Q/a_m =an
IIpumep

3
164 =416° =422 —=2° 38

IIpeoGpa3zoBanne BbIpaskeHHI ¢ PAMOHAIBHBIMHE M MPPALMOHAIbHBIMH NOKA3aTeIAMHU

KpaTkue TeopeTrnyeckue cBegeHUs

Omp.
Jlnist J1r00BIX panMoHaNbHBIX ykced Pu qu a >0 u b >0 BepHbI paBeHCTBA:

1. aP-a% =aP™
2. aP:a%=af ¢



3. (ap)qz
4. (ab)? =

> (5) -5

6.Ecnna7ﬁ0,Toa°:1

o

[Ipumep

N

1 1

11 3
83.8% -16:16* +(9 4

3agaum 119 CaMOCTOSITEIbLHOTIO peIICHUA

1 BapuanT

1

2. IlpeacraBuTh B BHJIE CTENEHH C PAIIMOHAILHBIM MOKa3aTejaeM: a) a° a 0)

4
3:3{/5;

3. Bbluncautb:  a) 3232 . g2 : 6) (251+ﬁ _52/2 )-5—1—2ﬁ :

a

2

1)" 1) : 6\
4. CpaBHHUTH YHCJIA: a)2*/§mm 21’7;6)(§j WIH (—j ;B) 0,88° mm [ﬁj r)

(éj 4I/IJ'II/I (0,41)7%

]
N 21 1
7] —8° 164 +92 = (2°)3 —(2*)t +(82) =22 —2+3=4-2+3=5

A 1 2
a{a 3+a3] T4
a® —al
5. YnpocTuTh BhIpajkeHHe: a) = = 0) — = -
a4[a4+a_4J a*—a* b2+b
2 BapHMaHT
1. Bpruncanrsb:
3 1 5 3 3 1 2 1
a) 814; 6) 4° :45; B) 144%:94; 1) (0,001) s -27%.64% -8 3

2. MpexcTaBUTH B BH/IE CTENEHH € PAIIMOHAJBLHBIM MOKA3aTeIeM:
1 4
a) b®-vb ;6) b3:%b
3 3
3. Berameants:  a) 5 V2. 952 ;0 (22*@ —4‘@‘1)- 2723
4. CpaBHMTb 4HcJa:

10

1

2 21 ERNE 107 19
1. Beruncanre: a) 27%; 6) 9°:9%; ) 1502:62; 1) (Ej +810000%% —(7§J



1,4 V2 1 - -3 1
2)3"um 372 6)(%) W (%) ;8) 0,887 wm [£j7 r) (%j o (0,41) °

11
a2
b3lb *+bd ro4 R
4 _ho 2 _n?2
5. YuopocTurh BbIpaxkeHue: a) — =< 0) bl b5 — al al
b4[ b4 +b * b4 —b* aZ+a 2

IIpeoOpa3oBanue U BbIYUC/IEHUE 3HAYEHUI JJorapuMuuecKnX BbIpaKeH .
KpaTkue Teopernueckue cBeeHHs

Onp. Jlorapudmom uuncia b mo ocHoBauuio a, riae a > 0, a # 1, Ha3pIBaeTCs MOKa3aTelb
CTEMNCHH, B KOTOPYIO HaJI0 BO3BECTH YKCJIO @, YTOOBI MOJYIUTh YHCIIO D.

[Ipumepsrr

1. log.25=2, mx. 52 = 25

2. log,3=1 mx. 3t=3

log, b

Omnpenenenune sorapudma MOKHO 3aITUCATH TaK a = b . Ero Ha3BIBafOT OCHOBHBIM
Jorapu(MUIECKUM TOXKIECTBOM.

[Tpu mpeoOpa30BaHNY U BEIYMCIICHUH 3HAYCHUH JIOTapU(MUIESCKUX BBIPAKCHUN TIPUMEHSIOT
CBOMCTBA JIOTapu(MOB.

CBolicTBa

1. log,(b-c)=log,b+log,c
2. Ioga(g): log,b—log,c

3. log,b" =r-log,b
1
4, Iogapb :B'Iogab

dopmyia mepexoaa K oMy ocHoBaHuto: log, b= log, b

pMYy. pexolia K Apyromy - 10g, og, a
Omnp. JlecaTHYHBIM JIoTapU(PMOM YKCIIa Ha3bIBAIOT JIOTapru(M 3TOTO YKCia 1o OcHoBaHui0 10 1
numyT Ig b BMecTo 10g10b

logiob=1Igb

Omnp. HarypaiabHbIM JOrapu(MOM YKciIa Ha3bIBAIOT JOTapr(M 3TOr0 YKCia [0 OCHOBAHHMIO e,
TJie e - MpPAIlMOHATIBHOE YUCIIO, TPUOIMmKEHHO paBHoe 2,7. [Tpu stom mutyt In b BMecTo
logeb, T.e. logeb=1Inb
JleficTBHEe HaXOKICHUS Jorapr(Ma ducia Ha3bIBACTCS JL02APUDMUPOBAHUEM.
JleticTBre, 0OpaTHOE JOrapru(PMUPOBAHUIO HA3bIBACTCS NOMEHUUPOBAHUEM.
Ipumepwi

1) log, 18 + log, 2 = log, 36 = 2;
2) log,, 48 — log,, 4 = log,, 12 = 1;
1

3) log; 37 =110g, 3= 1.
) log, 710833 =1

11



33)13'{1/[ AJISl CAMOCTOATEJIBHOIO PCIICHUA

1 Bapuanr.

1. Berumcants: a) 9°°%° ;  6) 2log, 6—%Iog L 400+3log, 3/45;

3

log, 24—1Iog2 72
B) 2

Iog318—élog372

2. HaiiTu x no nannomy gorapudmy : Igx=2Ig2+Ig(a+ b)+ lg(a— b)

3. TIposorapupmMupoBaTh BbIpazkeHHe: X = a’b?Jc

4. Pemmtnb ypaBuenme: log, x* +log 5X=3

5. Hp]/I KaKHUX 3HAYCHUSAX X HMEECT CMBICJI BBIPAKCHHUE:

2 BapuaHrT.

Ioge(49—x2)

1. Buruncauts: a) 3°°%% ;  6) %Iog ,36—1log,14—3log, %/21;

Iog714—;log756

B) 1
log, 30— 5 log 150

2. Haiitu x o nanHomy Jiorapudpmy :  log, x = % log, a —%Iog b

2

4. PemmMTh ypaBHeHHE: log, x=9log ,,8—-log, 4

5. Ilpum kakuX 3HAYEHUSAX X UMeeT CMbICJ BbIpaKeHue:

Tema 3

a*3b
3. IIpoJjorapu¢gmupoBaTh BbIpakeHHe: X =

2

log, (x +x—6)

[IpsiMble U MJIOCKOCTH B IPOCTPAHCTBE

Bzaumnuoe PAacCIIOJIOKCHUEC IIPAMBIX B IIPOCTPAHCTBC. Yron MCKAY MMPSAMBIMHU.

Teoperndeckuii MaTepuan

durypa Pucynox

Omnpenesienue

JIBe Tepecekaromuecs /

IpsAMBIC /
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JIBe npsiMbie
Ha3bIBAIOT MEPECEKAIOIIUMMUCS
IIPSAMBIMU, €CJIM OHU
UMEIOT €JMHCTBEHHYIO OOIIYIO
TOYKY.




JIBe napajuienbHbIe
IIpSIMBIE

JIBe npsiMbie
Ha3bIBAIOT MapalIeIbHBIMU
NPSIMBIMU, €CJIA OHU JICXKAT B
OJIHOI INIOCKOCTH 1 HE UMEIOT
0OIIIUX TOYEK

JIBe ckpenuBarommecs
IIpSIMBIE

Tl

-
t

[IBe npsiMbie
HA3BIBAIOT CKPEIIHBAOIIIMMUCS
MPSIMBIMU, €CITH HE CYIIECTBYET

MJIOCKOCTH, CojieprKaiieit ooe
psIMBIC.

C mepedyunciIeHHBIMU B MPEBIYIIEH TaOIHIIE CIydassMi B3aHMHOTO PACTIOJIOKEHUS IBYX
MPSIMBIX B MIPOCTPAHCTBE OJIM3KO CBS3aHBI YTBEPKICHUS, PEJCTABICHHBIC B CIICTYIOIICH

TalJIHIIE.

durypa

Pucynoxk

Tun yreep:KaieHus1 u
dpopmyaupoBka

JIBe pa3znuyHbie
TOYKH

AKcuoma o npamoii 1uHuU,
3A0AHHOU 08YMA MOUKAMU
Yepes nBe pa3inyHble TOUKU
MIPOXOJIUT OJHA U TOJIBKO OJTHA
npsiMasi JINHUSL.

IIpsimas nuaUA 1
TOYKa, HE JIexalas
Ha 3TOU MpsSIMOit

AKcuoma o napannenvHvix
npamvLx
Uepes TOUKY, He JIexKAINYI0 Ha
NPAMOM,IIPOXOIUT OAHA B
TOJILKO OJHA NPsAMAasd,
napaJuiejibHas 3TOU IIPSMOA.

JIBe
MepEeCeKaAIIHNECs
MpsiMbIe

13

Teopema o nnockocmu,
onpeoenaemoil 08ymsa
nepecekanuuMuca NPAMbIMU
UYepes aBe nepecexaroummecs
NPSAMBIETIPOXOJUT OAHA H TOJbKO
0JHA MJIOCKOCTh, COJIeprKallas
00e 3Tu npsMBbIE.




Teopema o naockocmu,
onpeoenaemoil 08yms
napannieabHblMu RPAMbIMU
UYepes ABe nmapajliebHbIe
NPSAMBIETIPOXOJUT OAHA H TOJbKO
0IHA MJIOCKOCTb, COJIeprKalast
00€ 3TH MpsIMBIE.

JIBe nmapajuieabHbIe
IIpSIMBIE

Hpu3nal< CKpeuiuearouiuxca npamsblx

Ecnu o1Ha U3 1ByX NMpSAMBIX JIEKUT Ha IJIOCKOCTH, a APYras npsMasi IepecekaeT 3Ty JOCKOCTh B
TOYKE, HE JIeKAIEH HA IEPBOM MPSIMOMN, TO 3TU MPSIMBIE CKPEIIUBAIOTCA.

Yeon mercoy ckpewyusarowyumca npamvimu
VYoM MeXIy CKpelUBaOIUMHUCS MPSIMBIMU Ha3bIBAIOT YTOJ MEK/IE MEPECeKAIONTUMUCS
MPSIMBIMU MapaJIeIbHBIMU JAaHHBIM CKPEIIUBAIOIIUMCS TIPSIMBIM.

a

b

3amaya

B xy6e ABCDA1B1C1D1 naittu yron mexay npsimeimu AB1 u BCy

Pemenne: Tak kak npsmas AB1 nepecekaer mmockocts BB1C B Touke B1, koTopas He nmexuT Ha
npsamoii BCy , To Mo mpu3HaKy CKpeluBaromuxcs npaMbix npsmsie ABr u BCy
CKPELIHBAIOTCS

D
1 I

B,

o m————————

A B

Jnst Toro, uToOB! HAlWTH yros Mexay npsmeiMu AB1 u BC1, mpoBeaeM B KyOe 1uaroHainb
6okoBoii rpauu AD1 u tuaroHanbs BepxHero ocHoBaHus BiDi1.
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[To onpenenenuto yrojga Mexay CKpeIHBatOIUMcs mpsiMbiMu yroi D1AB1 u siBisietrcst yron
mexty npsMbivu AB1 u BC. ITockonbky Tpeyronasauk D1AB1 paBHOCTOpOoHHU# 1 yron D1AB;
paBen 60 rpamycos.

Ortset: 60°
3agaum I CaMOCTOSATEILHOTO PellieHu sl
Bapmuanr 1
Al. B terpasnpe ABCD ykaxkurte npsiMyro, CKpeluBaroytocs ¢ npsmoi AB.
1.BD 2.CD 3.AD 4.AC

A2. B xy6e ABCDA1B1CI1DI1 B mnockoctu ABCD HaiinuTe npsMble, napajiebHble MPsSIMOi
AlBI.
1.ABu CD 2.ABu C1DI 3.CDu AC 4.ACu AB

A3. B xyoe ABCDA1BICI1DI1 naiigute yroa Mexay ckpemuparomumucs npsmsiMa AA1 u BD
1.45° 2.60° 3.30° 4.90°

B1. Ilpsmeie OB u CD napamnensabie, a OA u CD — ckpemuBarouecs npsmeie. Haitnure yromn
Mexay npsambiMu OA u CD |, ecniu yrom AOB = 138°.

Orser:

B2. Jlansl mapamnenorpamm ABCD u tpanenust ABEK ¢ ocHoBanueMm EK, He nexanium B 0THOU
IJIOCKOCTH. BeIsicHuTE B3auMHoe pacniojioxkenue npsiMbix CD u EK. Halinute nepumeTtp
Tparneuu, €ciu B He€ MOXKHO BIUCATh OKPYKHOCTh U CD =22cm u EK = 16 cMm.

Orser:

C1. B kyoe ABCDAI1BICI1DI na pebpe DD1 BriOpana Touka E tak, uro DE : ED1 =1 : 2.
Brrunciute kocunyc yria mexay npsameimu AE u CE

Otser:

Bapuant 2
Al. B Tterparape ABCD ykaxkute npsiMyro, CKpeniyBaroiyrocs ¢ npsimoii AB.
1.AC 2.BD 3.BC 4.AB

A2. B xy6e ABCDA1B1CI1DI1 B mnockoctu ABCD HaiinuTe npsmble, napajuienbHble MPsIMOn
B1C1.

1.AD u B1Cl1 2.CDuBC 3.BCu AC 4.AD u BC
A3. B xyoe ABCDA1B1CI1DI1 naiigute yron Mexxay ckpemuparomumucs npsimsiMu BB1 u AC
1.30° 2.90° 3.45° 4.60°

B1. [Ipsmeie OB u CD napamiensubie, a OA u CD — ckpemuBaromuecs npsimbie. Haiinute yroa
Mexay npsMmbimu OA u CD , eciin yrosn AOB = 156°.
Orser:
B2. JTanbl napamnenorpamm MNPK u tpaneuust MNLT ¢ ocHoBanuem LT, He nexxanium B
OJIHOM IIJIOCKOCTH. BeIssicHuTe B3anMHOe pacnosiokenue npsaMmsix PK u LT. Haiinure nepumerp
Tpaneuuy, eciii B He€ MOXKHO BrucaTh OKpy:kHOCTh M PK = 18cm n LT = 24cm.
OtBer:__
C1. B xyoe ABCDA1BI1CI1DI na pe6pe DD1 BriOpana Touka E tak, yro DE : ED1=1:3.
Brruncnure kocunyc yriaa mexay npsmeiMu AE u CE
OtBer:

Kurou Tecty «B3aumMHoOe pacnoJioskeHue NPsIMbIX B IPOCTPAHCTBE. Y0/ MEKAY ABYMS

NPAMBIMHI
15



Neo Al | A2 | A3 | BI B2 Cl
BapuaHTa
1 2 | 1 | 4 |42 | napamnenshsr; | 1/10
76 cm
2 3 | 4 | 2 |24 | napamnensusr; | 1/17
84 cm

Ilapannensnocms niockocmeil.
Teopemuueckuii mamepuan
ITnockocTH, KOTOphIE HE MepeceKaroTCs, Ha3bIBAIOTCS MapauiesbHbIME. [lapaiensHbie
IJI0CKOCTH o U B o6o3Hauatorcs allf3
IIpu3nak napannenshocmu niockocmeil.

Ecnu nBe mepecekaroruecs: mpsiMble OJTHOM TUIOCKOCTH COOTBETCTBEHHO MapalieIbHBI IBYM
MEePECEKAIOIIMMCS TIPSMBIM JAPYro# MIIOCKOCTH, TO 3TU IIOCKOCTH MapaJijIe/IbHbL.

. - %
a1 - " - 32 //

Cesoiicmea napannenbHbviX RAOCKOCHEIL.
Teopema 1. Eciiu 1Be napajuienbHbIE INIOCKOCTH NMEPECEKAIOTCS TPETHEU, TO MPSAMbIE

MNEPECCUCHUA ITapalJICIbHBI.

TeopeMa 2. OT'pCSKI/I HapaJiuICJIbHBIX IIPAMBIX, 3aKIIFOUCHHBIX MCXKAY ABYMS ITAPpAJUICIIbHBIMU
IUIOCKOCTAMHU, PABHBI.

3azmaua Ne 1.
Jano:
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AADC

B¢ (ADC)

AM =MB,CN =NB,DP =PB
S iape =48cm’

JlokazaTsb:

(MNP) " (ADC)

Haiiri: Swe

Jloka3arenbCcTBo:
1. MN - cpepnsist nuauss AABC = VN |AC.
2. NP — cpennss nuaus ACBD = NP| CD.
3.
MN N NP =N
MN, NP € (MNP)
MN |AC = (MNP) || (ADC) no npu3HaKy napauieabHOCTH 2 I11.

NP|[cD
AC,CD € (ADC)
4,AC CD AD 2 nono6en AADC 110 TpeTheMy IIPU3HAKY OO0
TPEYroIbLHUKOB (€CIU TPU CTOPOHBI OJJHOTO TPEYTOJbHUKA IPOHOPIHUOHATILHBI TPEM CTOPOHAM
= SL’\MNP — 1
S

JPYTroro, TO TaKKe TPEYrOJIbHUKU MOJ00HBI) amoc 4 (Tak KaK OTHOIICHUE TUIOIIAACH TBYX
MOJOOHBIX TPEYTOJIBHUKOB PaBHO KBaJipaTy Kod(hPuItmeHTa moo0ms)

S 1 1
S == S =, 48 =12(en’)

— 2
Ortger: Sawve =12CM7

3agaum 11 CaMOCTOSITEILHOTO PellieHu sl
Bapuanm 1.
1.IIpsimast a, napajjieiabHas npsiMoii b, mepecexkaer miockocth a. [lpsiMasn ¢ napaJuiejibHa
npsimMoii b, Toraa:
a) MPsIMBIE a U ¢ TIEPECEKAIOTCS; 0) mpsiMasi ¢ JIeXKUT B TJIIOCKOCTH @
B) MIPSIMbIE @ UC CKPELIUBAIOTCS; T) IpsIMBIE @ U ¢ TapaJUIeIbHBL

2. KakuM MoeT ObITH B3aMMHOE PAaCIHOJIOKeHHe MPSMbIX a U D, eciin yepe3 npsimyio a
MO3KHO NMPOBECTH IIOCKOCTh, MAPAJIeIbHYI0 NpsMoii b?

a) CKpEIIMBAIOTCS WU MEPECEKAIOTCS,;

0) CKpeIMBAIOTCS WM apajuieIbHbL;

B) TOJIbKO CKPEIMBAIOTCS;

T') TOJIKO MapaiyieNbHBI.

3. IIpsiMble @ M ¢ Jie:kaT B MapalieJIbHbIX MJI0CKOCTSIX, C/1€10BaTeIbHO ITH NMPsIMbIe
a)CKPEUINBAIOTCS WIIH MTePECEeKar0TCs; 0) CKpEeIMBarOTCs U MapaljieNbHBbI;
B) TOJBKO CKPEIUBAIOTCS; T') TOJIBKO NapaJijIebHbL.

4. Kakmm ™moxeT ObITH B3aMMHOE PACHOJIOKeHHE JBYX NPAMbBIX, ecJu o0e OHH

napaJjjiejJbHbl OHOH IJI0CKOCTH?
a) TOJIBKO MapaJuIeIbHBbI; 0) Bce ciyd4au B3aMMHOTO PACIIOJIOKEHHUS;
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B) TOJIbKO CKPELMBAIOTCS; I') TOJIBKO NEPECEKAOTCA.

5. lIpsimast @ napaJjuieJibHa IVIOCKOCTH a. Kakoe u3 cieayomux yrBepskieHuil BepHo?
a) [Ipsimas a napannenbHa JIt000H IPAMOI, JiexKallel B INIOCKOCTH o,

0) psiMasi @ He TePECeKaeT HU OJTHY MPSAMYIO, JIEKAIIYIO B IJIOCKOCTH d;

B) npsamMas a CKpCuiuBacTCsa CO BCEMU MMPAMBIMU ITJIOCKOCTU a,

T') IpsMasi @ UMeeT OOIIYI0 TOUKY C TUIOCKOCTHIO

6.Man Tpeyronsuuk MKP. ITnockocts, mapamnensnas npsamoii MK nepecexaer MP B Touke M1,
PK — B Touke K1. MK = 18 ¢M, MP : M1P =12 : 5. Torna umna otpeska MK paBHa...
P

A
]

Bapuanm 2

1.Ilpsimast ¢, napajijieJibHasA NPSIMOi a, mepecekaeT MmiockocTh f. [lpsimas b mapamieanna
npsiMoi a, Toraa:

a) mpsiMbIe b 1 ¢ mepecekaroTcs; 0) npsimast b texwut B mtockocTH f3;

B) mpsiMbie b 1 ¢ ckpenuBaroTcs; r) psiMbie D U ¢ mapasiebHBL.

2.KakuM Mo:keT ObITH B3aHMMHOE PacoJIoOKeHHe MPSIMBIX a U D, eciin J100asi MI0CKOCTD,
NPOXosiiasi Yepe3 a, He nmapaJjiiejabHa b?

a) CKpeIIUBAIOTCS; 0) mapajiyie/ibHbI, B) MIEPECEKAIOTCS;  T') OMNPEACIUTDH HEJIb3s.
3.IlpsaMble @ U 6 JeKAT B MAPALIETbHBIX MJIOCKOCTSAX, CJIe0BATEIbHO ITH MPSIMbIe
a)CKPEINBAIOTCS HITH ITEPECEKAIOTCS; 0) CKpeuIMBarOTCs WK TapaJlIeIbHBI
B) TOJIBKO CKPEIIMBAIOTCS; T') TOJIBKO MapajlIeIIbHBL

4.Ilpsimasi a napajiesibHA IJI0CKOCTH . Kakoe u3 ciienyromux yreep:kieHuil BepHo?

a) [Ipsimast @ mapaiensHa 0001 MPSIMOH, JIeKalel B IJIOCKOCTH o,

0) mpsiMasi @ He TepeceKaeT HU OJHY MPSAMYIO, JISXKAIYIO B IUIOCKOCTH d;

B) IIpsIMasi @ CKPEIMBAETCS CO BCEMHU MPSIMBIMU IJIOCKOCTH d;

T) IpsiMasi @ UMEET OOIIYI0 TOUKY C TUIOCKOCTBIO .

5.Kakum MokeT ObITH B3aHMHOE PacIoJioKeHHe MPSAMbIX ¢ U b, ecoin npsimast a JICKUT
B ILUIOCKOCTH ¢, a psiMmasi b mapaJuiesibHa 370l miiockocTu?

a) [TapannenbHbI WK IEpECeKaloTCs;

0) CKpEIIMBAIOTCS WM TIEPECeKal0TCs;

B) MapaJuleNbHbI WM CKPEIIHUBAIOTCS;

T') OTIPE/ICNIUTh HENb34.

6. Jlan tpeyronbnuk BCE. Ilnockocts, mapannensuas CE, nepecexaer BE B Touke E1, BC — B

Touke Cq. BC=28 cm, C1Eq : CE =3 : 8. Torna juinna otpeska BCq pasa...
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Tempa’op u napannenenuneo
Teopemuueckuit mamepuan
Terpadap (YETHIPEXTPAHHUK) - MHOTOTPAHHUK, TPAHSIMU KOTOPOTO SIBIISIFOTCSL YETHIPE
TpEyroiabHUKA.

VY terpasapa 4 rpanu, 4 BepmuHs! u 6 pedep (Puc.1.).
OnuH 13 TPEYTrOJIEHUKOB HAa3bIBACTCSI OCHOBAHHEM TETPad/pa, a TPH OCTAIbHbIC - 00KOBBIMHU
rpaHsIMH TETpad/pa.

B 3aBucumocTy OT BUJIOB TPEYTOJIBHUKOB U UX PACIOJIOKEHHUS, BBIICISIOT pa3Hble BUIbI
TETPadPOB.

- PABHOTPAaHHBII TeTPadIP, Y KOTOPOTO BCE TPAHU - PaBHbIE MEX]Ly COOON TPEYroJIbHUKH;
- NIpaBWJIbHAasl TPeyroJibHasi MMPaMH/A - OCHOBAaHUE PAaBHOCTOPOHHUMN TPEYTOJIbHUK, BCE
OOKOBbIE T'PaHH OJIMHAKOBBIE PaBHOOEIPEHHBIE TPEYTOJIbHUKU

- NIPaBWJIbHBIH TETPAa3Ap, y KOTOPOTO BCE YETHIPE IPAHU - PABHOCTOPOHHUE TPEYTOJbHUKH .

Ceoiicmeo npagunvnozo mempaiopa:
W3 onpenenenus npaBmIbHOTO MHOTOTPaHHHKA CIIEAYET, YTO Bce pedpa TeTpadapa UMEIoT
pPaBHYIO JUTMHY, a TPAHH - PABHYIO IUIOIIA/Ib.
IMapaJutesnienune oM Ha3bIBA€TCSA MHOTOTPAHHUK, Y KOTOPOTO 6 rpaHeil - mapaienorpaMMel.
B 3aBucumocTH OT BUJIOB MapaieiorpaMMOB M UX PACIIOI0KEHUS, BBIJICISIOT PAa3HbIE BUJIbI
napasuieNenune/oB:
[Napannenenuneas MOTYT ObITh IPSIMBIE M HAKIIOHHBIE.
VY npsiMbIX napasuieNenune10B 00KOBbIE TPaHU MPSIMOYTOJIbHUKH,

A
B4, Ca
7 -7
A . 761
B ,C
. ) - ! 7
A D g

Y HAKJIOHHBIX - TTapaJijI€JIorpaMMBI .
HpHMOI‘;I napajiieJICIrIIC, Y KOTOPOTO OCHOBAHHUEM TOKEC ABJIACTCA MMPAMOYI'OJIBHUK,
Ha3bIBACTCA NPAMOYI'OJbHBIM NapajjaejJenumneomM.
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JIBe rpaHu mapasuieNienuIie/ia, UMEroLIHe o0mee pedpo, Ha3bIBAIOTCS CMEKHBIMU, 8 HE UMEIOIINE
001X pedep — MPOTUBOIOJIOKHBIMH.
PeOpa napauienenuesa, He NPUHAJICKAIIUE OCHOBAHUSIM, Ha3bIBAIOT OOKOBBIMH peOpaMu.
OTpe30K, COeAUHSIONMHN ABE BEPIINHBI, HE TPUHA]JICKAIINE OJTHOM IpaHH,

B

1 L
T e
A= 1D,
) /‘B | , RS (e
s //’ I.. '/
HAa3bIBACTCA JUATrOHAJIBIO MapaJijejenuiena. A N

JUTnHBI HenapajulenbHbIX pEOEp MPSAMOYTOJIBHOTO NapaljieenuIea Ha3bIBaTCs
ero JIMHEIHBIMH pa3MepaMu(U3MepeHNsIMH).
VY npsiMOyroJIsHOTO Mapajuiesienunea Tpu JTHHeHHbIX pazmepa DA, DC, DD1

Cesoiicmea napannenenuneoa:

- [IpoTHBOMIOIOKHBIE TPAaHU TApATIJICIICTIUIIEa PABHBI U TTApAJIJICTbHBIL.
- Bce yeTsipe auaroHany napasiesienuieia epeceKatoTcsi B OJHOW TOUKE U JICTISITCS ATOU
TOYKOH ITOMOIaM.
- BOKOBI)IG FpaHI/I HpHMOFO napannenennnena —_— HpS[MOYFO.]'H)HI/IKI/I.
- KBagpaT auaronanu mpsMoyrosHOTO TapajijIesieuIeia paBeH CyMMe KBaIpaToOB TPEX €ro
U3MEPEHUN.
3apaya 1. 13 Touku A K mI0cKocTH o TpoBeaeHb! aBa oTpe3ka AC u AB =9 cm, Touka D € AB,
touka E € AC, DE || &t u AE/EC = 1/2. Haitti otpesku AD u DB.

(g Pemrenue:

1) Tak xak npsimbie AB u AC niepecekaroniuecs, To Mo CIEACTBUIO 2
U3 aKCUOM cyImiecTByeT miockocth (ABC), mycTs B.

2) Ilo akcuome 3 kil = BC. Tlo akcuome 2 DE npunaiexxur b, a T.K.
DE]|J», To DE||BC.

3) Ilo Teopeme daneca AE/EC = AD/DB. Ilycts AD =x u DB = 9-x,
toraa 1/2 = x/(9-x), 9-x = 2x, x=3, 1.e. AD =3 cm, DB =9-3 =6 (cm).

OtBer: AD =3 cm, DB =6 cm.

3agaua 2.

Hano: DABC - terpasap, A1, Bi, Ci1 - cepenunsi pédep AD, CD u BD.

Joxazatb: (ABC) || (A1B1Cy)

puc. 33
JlokazaTenbCcTBO:
1. ITo akcuome 2 A1Cy mpunamiexut (A D C), aT.x. A1 u Cs - cepeaunnt AD u DC, To

A1C1 - cpennsis muuaus AADC => A1Ci|| AC no cBONCTBY cpeiHel JIMHUM.

20



N

AHaAJIOTUYHO paccyxjaas, momydaeM: A1B; || AB.
ITo mpuszHaky mapamtenbHocTH miockoctel (ABC) || (A1B1Cy).

w

5. 3amaum 1J1sl CAMOCTOSATEJIBLHOI0 PelleHHs
1 Bapuanm

1. HaiiguTe kBagpaT paccTosiHUs MeX Iy BepiunHamu B u D1 npsimoyrosiasHOro
napajuienenunena, ;s kotoporo AB=4, AD=6, AA1=5
2. Haiinute pacctosiHue Mexy BepminHaMu B u D npsimoyrosisHoro napaienenumnena,
s kotoporo AB=6, AD=8, AA1=3
3. Haiigure paccrosinue Mex 1y BepiinHamu B u A IpsiMOyroJibHOTO mapaienenumnena,
s kotoporo AB=12, AD=7, AA1=5

2 Bapuanm
1. Haiigute paccrosinue Mex 1y BepminHaMu B u D npsimoyronbsHOro napaienenumnena,
s kotoporo AB=5, AD=12, AA;=5
2. HaiinuTe kBagpaT paccTosiHUS MKy BepiinHamu D u B1 npsimoyroasHOro
napajuienenumnena, aias koroporo AB=7, AD=7, AA1=4
3. Haiigure paccrosinue mexy BepminHaMu Ar u D npsiMoyrosibsHOro napasienenumnesa,
s kotoporo AB=4, AD=12, AA;=9

Ilepnenoukynap u naxknounsie. Teopema o mpex nepneHouKyaaApax
Teopemuueckuit mamepuan

[TycTh TOUKa A HE NPUHANICKUT IIOCKOCTH 0. . [I[poBeaem mpsiMyto a, MpOXOASULYIO Yepe3 ATy
TOYKY M MEPIICHIUKYISPHYIO o . TOUKY repecedeHus MpsMoi a ¢ IIIOCKOCThI0 o0 0003HaunM C.
Otpesok AC Ha3pIBaeTCs NMePHeHANKYJISAPOM, ONTYIIEHHBIM U3 TOYKH A Ha MJIOCKOCTH (.
HaxkJIOHHO# K TUIOCKOCTH Ha3bIBAE€TCs MpsAMasi, IEPECeKaromias 3Ty IIOCKOCTh U HE
NeprneHAnKyIsipHas eil. HakToHHOW Ha3bIBAIOT TAK)Ke OTPE30K, COSAUHAIONIMNA TOUKY, HE
MIPUHAJICKALYIO TUIOCKOCTH, C TOYKOM INTIOCKOCTH, W HE ABJISIFOLIUICS NEPIEHANKYISIPOM.

A

L

1= 4

Ha pucynke: AC — nepneHaukysp K miockoctu o, AB — HaknonHnasi, BC — npoekuus
HaKJIOHHOM.
[Ipumepbl MaTepHalIbHBIX MOJIEJICH MEPIEHINKYISIPOB K MJIOCKOCTH: CTOJIO, TeIEBU3HOHHAS
BBIIIIKA MEPIEHAUKYIISIPHBI TNIOCKOCTH TOPU30HTA; EPICHIUKYISIPHO 3TOM MIIOCKOCTH 3a0HBAIOT
CBau, OypSAT CKBaYKUHBI, TPOXOIST MIAXTHHIE CTBOJIBI, 3aMyCKAIOT KOCMHYECKHE KOpalIIy.
Tonpko HaOpaB HYKHYIO BBICOTY, paKkeTa OTKJIOHSETCS B HY’)KHOM HampaBJICHHUH.
W3 Bcex paccTOsSIHUN OT TOYKU A JI0 pa3/IMYHBIX TOUEK MNIOCKOCTU 0L HAUMEHBIIUM SIBJIETCS
paccTosiHue 10 Touku B. D10 paccTosiHue, T.€. ANTMHA NEPIEHANKYIIAPA, TPOBEACHHOIO U3 TOUKU
A K IJTIOCKOCTH 0, HA3bIBAETCS PACCTOSIHUEM OT TOUKH A JI0 TIIIOCKOCTH Q.

Teopema 0 nepneHAUKYAsIpe H HAKJIOHHOM
[lepnenaukynsip, ONMyIEHHBINA U3 TOYKU Ha MJIIOCKOCTh, KOPOUE BCIKON HAKJIOHHOM,
MPOBEICHHOU U3 TOM K€ TOYKH K TOM 7K€ TIIOCKOCTH.

Teopema Tpex nepneHInKyJIsApax

X

Ecau npsMasd, IpoOBCACHHAA Ha IMIIOCKOCTH Y€PE3 OCHOBAHUC HaKHOHHOﬁ,
NEpHNCHAUKYJIApHA €€ IPOCKIUH, TO OHA NCPICHAUKYJIApHA U CaMOM HaKJIOHHOM.
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/o

3anaua 1.
N3 Bepumnbl A kBagpata ABCD BoccranosiieH nepnenaukyisip AK k ero miockoctu.
Hoxaxure, uro BC nepnenaukynspao KB.

K > aHO:
ABCD — xmagpar,
AKX 1 (ABCD).
Hokazate: BC 1 BK.
o . B
DL v
C

AR 1 (ABCT) (no yoonoRHED),
BE — gaxnouHad,
AR — opeexina KB va nnockocts (ABCD,

BC 1 AR (kar cMe®HEE CTOROHE FEATRATA),
Torga BC L BE (mo TeopeMe o TpeX NepNeHIHEYIAPAK).

3agauu IS CAMOCTOSITEILHOI0 PeleHust

Bapuant [
1. AF L a.
HegepHo, 4ToO...
F

S\

1) FM > AF; 2) FK > FM; 3) AK < FK.
2. BF L (ABC). [psimbie CD u CF He OyayT nepnenaukynsipasiMu, ecinu ABCD Oyzer. ..
F
B C
A D
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1) mpssMOYTOTBHHKOM;  2) pOMOOM; 3) kBajgpaToMm.

3. ADL (ABC). [psimbie DM u BC OyAYT neprneHAuKYIIpHBIMU, eciu AM Oyner. ..

D
A C
W
B
1) 6uccexTpucoii; 2) MeauaHo; 3) BBICOTOM.

4. Touka M paBHOynaneHa ot BepumuH TpeyrojgpHuka ABC. Toraa npoekuus Touku M Ha
10cKoCTH ABC ecTh TOUKA MEepeceyeHusl. . .

1) BBICOT TPEYroJIbHHKA;

2) GUCCEKTpPHUC YIIIOB TPEYTOJIbHUKA;

3) cepeIuHHBIX MEPIEHAUKYISIPOB K CTOPOHAM TPEYTrOJIbHUKA.

5. B tpeyronsauke ABC AM — menuana, AD — 6uccekrpuca, AH — BricoTa. AF L (ABC).

Torna paccrostaue ot Touku F 1o mpsimoii BC 310 1iMHA OTpe3Ka. ..
F

B A
DHC

1) FM; 2) FD; 3) FH.

6. ABCD — nmapamenorpamm, AC(BD =0. FO L (ABC).

FO — paccrostaue ot Touku F o npsimoit AC. Torna ABCD He MOkKeT ObITh. ..
'F‘

A D
1) mpsIMOYTrobHUKOM;  2) poMOOM; 3) xBajpaToM.

7. AABC. FK L AC, FN 1 BC, g =N, FOL(ABC), O cCM. TormaCM — ...
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1) 6uccekTpuca; 2) MmeauaHa; 3) BBICOTA.

Bapuanr 2
1. BD L. BepHo, 4To0...
D
A /
A e /
1) BC < AD; 2) AB > AD; 3) AD > DC.

o BF L (ABC).
[Ipsimbie AC u FO He 0yayT neprieHaukynspasiMu, ecau ABCD Oyner. ..
F

A D

1) mpsAMOYTOJILHUKOM; 2) pombOoM; 3) KBagpaToOM.
3. ABCDA1B1C1Dq —kyO6. [Ipsimble @ u b HenepnenMKyIsApHBI HA PUCYHKE. ..
b B, ¢, ¥ B 4, C

\

|

l\.
A “\ D, A
B

|
B\
/___’51:_— /____'_."_

- a s

DI /

4
L
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4. Touka M paBHOoynaneHna ot BepiminH TpeyroidpHuka ABC. Torma mpoekmus Touku M
Ha mockocTb ABC ecTb. ..
1) Touka nepeceueHus BbICOT;

A ABC

2) LIEHTp ONIMCAaHHOM OKOJIO OKPYKHOCTH;

A ABC

3) LeHTp BIHUCAHHOM B OKPYKHOCTH.

5. ABCD — mapannenorpamm. BF L (ABC). cF — paccrosiaue ot F no mpsimoit CD. Tornma
ABCD He MO:KeT ObITb. ..

F
B / C
A D
1) pomOom; 2) KBa/IpaToM; 3) IpSAMOYTOJILHUKOM.

6. B tpeyrompanke ABC AM — wmemmana, AD — oOumccektpuca, AH — Breicota. Torma
paccrosituue ot Touku F 10 npsimoit BC paBHO JiIMHE OTpe3Ka. ..

F

1) FM; 2) FD; 3) FH.
7. Touka M paBHOymanena ot cropon AB u AC tpeyronbauka ABC. Torna npoeKmus TOYKA

M nHa tockocth ABC NIeKUT Ha TPSIMOM, COACpPIKAIICH. . .
M

0]
A<—7 K
M

C

1) Guccextpucy yrina A tpeyronbHuka ABC;
2) Meauany, npoBeEHHYI0 kK ctopoHe BC TpeyroiabHuka ABC,
3) BBICOTY, IPOBEAEHHYIO U3 BepIIUHBI A TpeyronsHuka ABC.

Yeon mercoy npamoii u nnockocmuio
Teopemuueckuit mamepuan
[TonsiTHe yria Mexay IpsIMOH U TUIOCKOCTHIO MOXKHO BBECTHU IS JIFOOOTO B3aUMHOTO
pacIooKeHus MPSMOHN U TIIOCKOCTH.
Ecnu npsimas a neprnieHAMKy/sipHa TUIOCKOCTH , TO YTOJ MEX/Y a U o cuuTaercs paBHbM 90 .
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Ecnu npsmas a mapasuiesibHa INIOCKOCTU WJIM JIEKHUT B OTOM IUIOCKOCTH, TO YrOJI MEXKIy a U O
CUMTACTCS PABHBIM HYIIIO.

Ecnu nipsimast a sIBJISIETCS HAKJIOHHOM K TUIOCKOCTH, TO YIOJI MEXKJy NMPSIMOM a U €€ MPOEeKUUen
HAa IJIOCKOCTh

3amaua 1.
J4 K] TOYKH, OTCTO?[HIC?I OT IIJIOCKOCTH Ha paCCTOAHUC a, IPOBCACHDBI IBC HAKIIOHHBIC,
06pa3yroIIHe ¢ TIOCKOCTHIO YTkl B 450, a Mex 1y coboii yron B 60°. Onpenennts paccTosHue
MCKAY KOHIITaMH HAaKJIOHHBIX.

c

60°
/ 45 H 45 /
a ? B

Pewenue:
1. Tpeyronsauku ACH u CHB npsimoyrospabie 1 <CAH=<CBH=45°> CH=AH=HB=a

2. Ilo Teopeme ITudaropa CAZCBZa*E ;
3. B tpeyronsauke ABC <ACB=60° u AC=CB= tpeyronbank ABC paBHOCTOpOHHHIT
AB=a¥2;
3agaum 11 CaMOCTOSTEILHOTO PellieHu sl
Bapuanr 1.

1. BepHo siu yTBep:xaenue?

a) JlnvHa nepreHuKyaspa, OMyIeHHOTO U3 JAaHHOW TOYKH Ha IJIOCKOCTh, Ha3bIBAETCS
pPaccTOsIHUEM OT

TOYKH JI0 MJIOCKOCTH;

0) Koner HaKJIIOHHOM, Jiexaluii BHE JaHHOW IIOCKOCTH, Ha3bIBAETCS OCHOBAHHUEM
HaKJOHHOI;

B) Ecnu npsimas napasiensHa IIOCKOCTH, TO BCE €€ TOYKU HaXOAATCS Ha OJTMHAKOBOM
paccTosHUY;

r) Eciu k mockocTH mpoBeieHbl IB€ HAKJIOHHBIE, TO UX MPOEKIMH Ha TUIOCKOCTh PABHBI.
2. IIponosku mpenJioKeHue.

a) Yron mexay npsmoit BC u mitockocTsio o paBeH 40°. Haitnute yron mexay npsmoit BC u
psAMOH

BD, neprieHAUKYASPHON K MIOCKOCTH 0. YTOJI PaBeH ...

6) Otpe3ok BD — nepnenaukynsp K miI0CKOCTH paBHOOeApeHHOTo TpeyroiabHuka ABC, M —
cepenunna ocHoanust AC. Torma L CMD = ...
3. CnpaBe/IuBO JIM YTBepKIeHHe?

a) KA LBD, eciu ABCD - kBanpar, To KC L (BCD).

0) AB L MP,eciu AMNP — paBaoctoponnuii 1 AO L (MNP).
4. Pemiu 3agaumn:
1. BAAKC, AK L CK, .M ne npunaanexut tiockocta AKC u MK L CK, To
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a) AK L MK; 6) CK L AM.
2.B AABC, AB=10cm, ZA=30° BD L (ABC). BD =12 cm. Haiitu paccrosiaue ot D 110
AC.
Bapuanr 2.
1. BepHo ;1u yTBep:KaeHue?
a) Konern otpeska, SBISIOLIET0Cs NEPIEHANKYISIPOM K IUIOCKOCTH, JIEKAIIETO B HEM,
Ha3bIBA€TCS OCHOBAHMEM IEPIICHIUKYIAPA;
0) OTpe30K, COSAMHSIONINN OCHOBAaHUE HAKIIOHHOW C JaHHOW TOYKOH, HE JIeKaIIeH B
IUIOCKOCTH, HA3bIBACTCS MPOEKIMEN HAKIOHHOM;
B) IIpoekuueit neprneHauKysipa SBJISETCSA TOUKA, a HAKJIOHHON — OTPE30K;
r) Ecnu 1Be HakIOHHBIE IMEIOT paBHbIE IPOEKLIUU,TO OHU CaMU PABHBI.
2. lIpoposxu npeasioxeHue.
a) 3 01HOM TOYKHM K MJIOCKOCTU MPOBEACHBI NEPIEHAUKYIISIP U HAKJIOHHASL. YTIIBL,
00pa3oBaHHbIEC HAKJIOHHOM € €€ MpOeKIUel U ¢ NepIEeHANKYISIPOM, PABHBI. YTOJ MEXITY
HAKJIOHHOM U MJIOCKOCTHIO PABEH ...
6) Peopo AC Terpasapa ABCD nepnenaukyisipHo k miockoctu rpanu BCD, otpe3oxk AH —
BbicoTa rpanu ABD. Torma Z/BHC = ...
3. CnipaBe1JIMBO JIH YTBEp:KAeHue?
a) ED L AC,eciiu AABC - paBaoctoponnuii, To OE L (ABC).
0) OF L EF,eciu ABCDEF - npaBuibHbiii mectuyroibiuk u OB L (ABF).
4. Pemn 3agauu:
1.B AMKC, CM L KM, T1.E =e npuramiexut miockocty MKC 1 EM 1 MK, To
a) KM L (MEC); 6) KM L CE.
2.B AABC, AB=16 cm, £ A =30° BK_L (ABC). Paccrostaue ot K 10 AC paBHo 17 cm.
Haiitu BK.

Jleyepannutii yeon. Ilepnenouxynaprnocme niockocmeii
Teopemuueckuit mamepuan
Onpenesiedue. J[ByrpaHHbIM yTJIOM Ha3biBaeTcs purypa, oOpazoBaHHas MPSMOK a M IBYMs
MOJIYIUIOCKOCTSIMH € 0O1Iel rpaHuiieii a, U He IPUHAJICKAIIUMHU OJIHOM MIIOCKOCTH.

i a - pedbpo IBYrpaHHOIO YyIJia, MOJYILUIOCKOCTH - TPaHU €ro.

VYron AOB - nuHeliHblil yron AByrpaHHoro yria. YtoObl ero NoCTpOUTh, HY’KHO
BbIOpaTh Mpou3BoIbHYIO TOukKy O Ha pedpe, a 1yun OA u OB nomkHbI ObITh
NEePICHIUKYISPHBL K peodpy.

puc. 45

I'panycHoi Mepoit IByrpaHHOTO yIJla Ha3bIBa€TCs IpaycHast Mepa Jr00T0 U3 €ro JMHEHHbIX
yTJIOB.
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JIByrpaHHbIN yroJ Ha3pIBaeTCs MPSIMbIM (OCTPBIM, TYIIBIM), €CJIU OH
pasen 90° (Menbiie 90°, 6obie 90°).

Ilycth ¢ - TOT U3 YIJI0B, KOTOPBIN HE IPEBOCXOAUT JIFOOOTO U3 TPEX

OCTaJIbHBIX yIJIOB. TOr/a yroi Mex Iy MepeceKaroUuMHUCs IOCKOCTIMA
pasen ¢. (0°<¢290°)

puc. 46

JIBe nepecekarmuecs II0CKOCTH Ha3bIBAKOTCS EPIEHANKYIIAPHBIMU, €CIIM YTOJI MEXIY HUMU
paBen 90°.
Ipu3sHak mepneHANKYJISIPHOCTH IBYX IJIOCKOCTEIA.

Ecnu oniHa 3 1ByX mitockocTel (z) MpOXOoIUT Yepe3 mpsamyto (a),
MEePIEHIUKYIISIPHYIO IpYyro# miockoctu (F), TO TaKue MIOCKOCTH
MIePICHIUKYIISIPHBI.

7

puc. 47

[Tpumep.

3anaua: Touku 4 u B nexar Ha pedpe JaHHOTO ABYTpaHHOTO yriia, paBHoro 120°.

Otpesku AC u BD ipoBe/IeHBI B pPa3HBIX TPaHAX M MEPIECHIUKYISIPHBI K peOpy ABYTPaHHOTO
yria.

Haitaure otpeszok CD, eciiu AB = AC = BD = a.

Jlano: £LCABD= 120°

AC 1 AB, AC c q,

BD L 4B, BD c B,

AB =AC =BD =a.

Haumu: CD.

Pewenue:
3nech AaH Tynou AByrpaHHsblil yron, ZCABD= 120°.
AB — peOpo nByrpanHoro yria, Touka C JIeKUT B OJHOH MOIYIJIOCKOCTH, TOuka D nexuT B 1py-
IO MOJIYIIJIOCKOCTH. B 01HOM nonymuiockoct nposeneHa npsamas 4C, nepneHauKymsapHas AB.
B npyroii mosryminockocTy nposeneHa npsMas BD, nepneHauKyisipHas AB.
IIpoBenem AK nepnennukyisipao AB u DK napamiensHo AB (puc. 2). Torna yron CAK — nu-
HEIHBIN yroJ1 ABYTpaHHOTO yria, a 3Hauut, ZCAK = 120°.
Taxk xak npsimeie AK 1 BD niepnieHAUKYISIPHBI OJTHOM U TOM ke NpsAMoil A5, To npsi-
Mble AK u BD — napaniensHel. B uetsipexyrosbanke 4 KDB MpoTHBONOJIOKHBIE CTOPOHBI Ta-
pamutensHsl (AK|IBD, ABJ|| DK), 3nauut, 4AKBD- napamienorpamm. 3Hauut, AK=BD = a.
Paccmotpum tpeyrosbhuk AKC. Haiinem CK? ¢ TOMOIIBIO TeOpEMbI KOCHHYCOB:
CK®? =AC* + AK? —2-AC-AK -cossCAK =a’ + a® —2-a-a-cosl20°= 2a® + a°

= 3a’
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[Ipsimast AB nepneHauKysipHa INIOCKOCTH JUHEMHOTO yriia (1o cBOMCTBY 1), 3HaUUT, U napai-
nenbHas el npsamas DK neprneHauKyspHa JI0CKOCTH JIMHEWHOTO yria. A 3HauuT, npsaMas DK
neprneHuKyisapHa npamoi CK, nexxaieil B INIOCKOCTH JIMHENHOTO YIJIa, TO €CTh

yrosn CKD npsiMoi.

W3 npsimoyrosasHoro Tpeyronbanka CKD no teopeme [Tudaropa vaxoaum runotenysy CD.

€D =+ CK? +KD? =+/3a’ + a? = 2a
Omeem: 2a.

3agaum I CaMOCTOSATEIbHOIO PellieHU s
Bapuant 1

1. JluHeliHbIM yIJIOM JBYIPaHHOTO yIjla HeJb3sl Ha3BaTh YroJl, BO3HUKAIOUIUMN Mpu
MepPEeCEeYeHUH JIBYTPAHHOTO yria MII0CKOCTbIO, EPIEHIUKYISIPHOM. . .

1) peOpy ABYrpaHHOTO YIJa;

2) oAHOM U3 TpaHeil IBYrpaHHOIO yIIa;

3) rpaHsiM ABYTPaHHOTO YTJa.

2. Kakoe yrBepxieHre BepHOoe?

1) He moxer pebpo nByrpaHHoro yria ObITh HE NEPHEHIAUKYISIPHBIM IUIOCKOCTH €ro
JIMHEMHOTO yTJIa.

2) He wmoryr [Be IUIOCKOCTH, MEPIEHIUKYJISpHbIE K OJHOM IUIOCKOCTH, OBIThH
HenapajuleIbHbIMHU.

3) He w™oryr [Be IUIOCKOCTH, MEpPHEHAUKYISpHbIE K OJHOM MpsAMOM, OBITh
HenapajuleIbHbIMHU.

3. Kakoe yrBepxneHue BepHoe?

1) al pf, aca, bef=albh.

2) apB=c, al B, aca, bepB, blc=alh.

3) aca, bep, alb=alp

4, (ABC) L(ABD). Torpa ochoBanme IepleHAMKYISpa, OIMYIICHHOrO M3 Toukn D Ha
m10CKOCTh (ABC), MexuT. ..
D

1) BHe Tpeyronbuuka ABC;

2) Ha cTopoHe AB;

3) BHyTpH Tpeyronbauka ABC.

5. Kakoe yTBepxaeHre HeBepHoe?

1) Ecniu o1HA U3 IBYX IJIOCKOCTEH MPOXOAUT Yepe3 MPIMYI0, EPIEHAUKYIAPHYIO K APYroi
MJIOCKOCTH, TO TaKUE€ INIOCKOCTH MEPIIEHIUKYISPHBI.

2) Ecii  TUTOCKOCTH TMEPIIEHIUKYIISAPHBI, TO JIMHHS HMX TEepeCceUYeHHs TMepreHAnKy/IspHa
m000# MPSAMOI, JIe)Kaliel B 0JTHOM U3 TaHHBIX TIOCKOCTEH.

3) IlnockocTh, TMEPICHAUKYJIAPHAS JIMHUM [EPECEYeHUs] JBYX JAHHBIX IUIOCKOCTEH,
MEePIEHANKYIISIPHA K KaXA0W U3 3THX MJIOCKOCTEM.

6. He Mo:KeT TUIOCKOCTh OBITh HE MEPHEHAUKYISIPHOW NaHHOM TUIOCKOCTH, €CIU OHa
MIPOXOJUT Yepe3 MPsMYIO. ..

1) mapauienbHyI0 TaHHON TIOCKOCTH;

2) NepHeHIUKY/ISIPHYIO TAHHON TIOCKOCTH;

3) HE MepeHIUKYIIIPHYIO JaHHOM TUIOCKOCTH.
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7. KosinuecTBo ABYrpaHHBIX yIJI0B NapajljIesIeUIeia PaBHO. ..
1) 8; 2) 12; 3) 24.
8. AABC. AN u CM — BbicotsL. PO L (ABC). I'panycuast mepa < ABCP papHa rpagycHOi Mepe

yria...

1) ABD; 2) AND; 3) ACD.
Bapuanr 2

1. aNp=c, aca, bef Torga £(@0) _ 510 numeitHblii yroa ABYrPaHHOrO yriia MexIy

>

1)bJ_a; Z)aic; 3)
alc blec

2. Kakoe yTBepxieHUE BepHOoe?

1) He moxer pebpo IBYrpaHHOTO yria ObITh HE MEPICHIUKYISIPHBIM JIFOOOW TPSIMOM,
JIe)KAIEeH B TJIOCKOCTU €ro JIMHEHHOTO YIJIa.

2) He Moryt ObITh JBE TIOCKOCTH, IEPIICHIUKYISIPHBIE TPEThEH, HelTapaJlJIeIbHBIMHU.

3) He wmoryr ObITb [BE IUIOCKOCTH, TEPHEHIUKYISAPHbIE OJHOM  IUIOCKOCTH,
HenapauieIbHbIMHU.

3. Kakoe yrBepxcHiEe BepHOoe?

1) af=c, aca, bep, alc,blc=alp

2) aNp=c, al B, aca, bepf=albh.

3) ap=c, al B, aca, bepB, alc=albh

nnockocTsMu & u A , €CIIH...

4, (ABC) L (ACD). Torga ocHoBaHue MEPIICHAUKYIISAPA, OIIYIICHHOI'O H3 TOYKH D na

10cKOCTh (ABC), NEKUT. ..
D

1) BHyTpU TpeyroabHuka ABC; 2) Ha ctopone AC;
3) Ha ctopone BC.

5. Kakoe yTBepxaeHue BepHoe?
1) al p,aca=al p.

2) aNp=c, ylc=ylawu ylp
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3) aNp, aly=pB_1y.

6. Kakoe yrBepxeHue BepHoe?

1) Henp3st uepe3 TOUKy IPOCTpaHCTBA MPOBECTH TPHU IJIOCKOCTH, KaX/bIE JABE U3 KOTOPBIX
B3aUMHO IIEPIEHIUKYJIISPHBI.

2) He cymectByeT npsiMoM, Iepecekarolledl J1B€ JaHHbIE CKPELIMBAIOLIUECS MPSAMBIE U
NEPIEHIUKYIIIPHON KaKJI0M U3 HUX.

3) He MoXeT IUIOCKOCTh OBITh HE TMEPHEHIUKYIAPHOW TaHHOHM TIJIOCKOCTH, €CIH OHa
MIPOXOJIUT Yepe3 NPSIMYI0, NEPIEHANKYISPHYIO JaHHON IUIOCKOCTH.

7. KonmyecTBO JBYIpaHHBIX YIJIOB TETPasApa PABHO...

1) 4,

2) 6;

3) 12.

8. ABCD — pom6, MK — Boicora. FOL(ABC). Torna rpamycmas mepa <APCF papua
IpagyCHOM Mepe...

D
1) FDO; 2) FKO; 3) FDA.

Ilapannenvnoe npoekmupoeanue. Hzobpaxcenue npocmpancmeennsix uzyp
Teopemuueckuit mamepuan
[TycTh 1aHO TPOM3BOJIBHYIO TUIOCKOCTH 0, Touka A (puc. 83) u npsimyto h, koTopoe nepecekaer
mwiockocTs o. [IpoBenem yepes Touky A mpsMylo, KoTopas mapamienbHa h, oHa mepecekaeT
IJIOCKOCTh 0 B HEKoTopoi Touke Al. HaiinmeHHyro TakuM 00pa3oM TOUYKYy A; Ha3bIBaIOT
napajuieNIbHOM MpoeKuueld TOYKH A Ha IUIOCKOCTh o B HampaBieHud h. [Ipsmyro h HazwiBaroT
MPOEKTYIOYOIO MPSAMOH, MIOCKOCTH O - IUIOCKOCTHIO MPOEKIUH.

L -_7[A_..
; A
a l";
/

Puc. 83

Y1oObl MOCTPOUTH TMPOCKIHI0 KAKOH-IMOO (GHUryphl, HAJIO CIPOSKTHPOBATh HA IUIOCKOCTh
MPOEKIINH KaKIYI0 TOUKY JaHHOU GuUrypsl (puc. 84).

h

Puc. 84

Teopema. Eciam oTpe3ku, KOTOpble MPOEKTUPYIOTCSA, HE NapaiebHbl MPOEKTUPYIOIIEH
MPSIMOIA, TO TIPH MapalIeIbHOM MPOSKTUPOBAHUH:

1) oTpe3ku u300pakarTCsa OTPe3KaMUu;

2) mapajuienbHble OTPEe3KH H300pakaloTcs MapaieIbHbIMU OTPE3KaMU WM OTPe3KaMu OJHOMU
IIPSIMOM;
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3) OTHOULIEHHE AJIUH MapaIEIbHBIX OTPE3KOB U OTPE3KOB OJTHON MPSAMO COXpaHSIETCS.
CnencrBue

1) Bce mpsimble, KOTOpBIE NMPOEKTUPYIOT TOYKM OTpe3ka AB mexar B ogHON miockocTtu f3,
KOTOpasi MepeceKkaeT IUIOCKOCTh o mo mpsamoi AiBi (puc. 85). CnemoBarenbHO, MpoeKuei
OTpe3Ka eCTh OTPe30K, mpudeM npou3BosbHas Touka C orpe3ka AB m3oOpaxaercst Toukoir Ci
oTpe3ka A1Bi.

=

Puc. 85

2) Ilyctes otpe3kun AB u CD, koTOpble IPOEKTUPYIOTCS, NapajljielbHble. Bee mpsimble, KoTopbie
UX TIEPEeCeKaloT W MapajuiefbHble h, 3aMojHSI0T WM YacTU OJAHOW TJIOCKOCTH (puc. 86), uiu
napajuieJIbHbIX MJI0CKOCTEH (puc. 87).

A B

Puc. 87

OTU 4YacTH IJIOCKOCTEH MMepeceKkaroT IJIOCKOCTh @ COOTBETCTBEHHO WJIM IO OTpE3KaM OJIHOM
MPSIMOM, WK 10 MapaienbHbM oTpe3kaM A1B1 u CiDa.

3) Eciiu otpe3ku AB u CB, KOTOpbIE MPOEKTHUPYIOT, pa3MEIICHbI Ha OJHON MpPAMOM (CM. pHC.
85), To mo Teopeme 0 mponopIHOHANbHBIX 0Tpe3kax umeem: A1C; : C1B1 = AC : CB.

3agauu IS CAMOCTOSITEILHOTO PeleHust
1. Ilpu KakoM IOJIOKEHHUH OTPE3Ka OTHOCHUTEIBHO IUIOCKOCTEH MPOEKIMH €ro IMPOSKIHs: a)
paBHaA caMOMY OTpe3Ky; 0) ecTb TouKa?
2. Otpe3ok mpoenupyercs napaijiellbHO Ha MIIOCKOCTh. Kak mpoekTupyercs cepeinHa oTpeska
Ha TY MIOCKOCTh?
3. MoskeT 11 IpoeKIIUs OTpe3Ka ObITh OOJIbIIIE OTPe3Ka, KOTOPHIN MPOEKTUPYIOT?
4. Moryr HemapaJjulelbHbIE MPSMBIE MPOEKTUPOBATHCA B MapauienbHble mnpsmMbie? [IpuBeaute
MIPUMEPHI.
5. Kak pacnonosxens Touku A u B otHOCHTeNnsHO mnockoct CDD1C1 (puc. 88)?
6. IlmockocTh Qurypsl He Tapajie]bHa HAMpPaBICHUIO MPOEKTUpOBaHMs. B kakyio d¢urypy
MIPOEKTHPYETCS: a) TPEYroJIbHUK; 0) mapaienorpamm?
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h
TN N S~
C) A, | D,
B
o1 .
Puc. 88
Pewenue 3a0au no meme no meme «llpamvie u nnockocmu ¢ npocmpancmaee»
Bapuanm 1
IMapamiebHOCTh NPSIMBIX U TJIOCKOCTEH B MPOCTPAHCTBE
D 1. I
M
A C
P
B

A1 Kakoil mII0CKOCTH HE TPUHAIEKUT TOUKa A?

A) PDB B) ADC C) APC 1) BDC
A2Ha xakux IIocKOCTSX JISKHT mpsimasi DB?
A) ADC u ADB B) ADB u ABC

C) ADB u DCB 1) DKB u DCA
A3 B kaxkoii Touke nepecekarotrcs npsimas PC u mmockocts ADB?
A)P B)C O A 0D
Adllo kakoii npsimoit epecekarorcs iockoctu ABC u ADC?
A) DB B) DC C) AC 1) BA
A5 Kakwue npsimbie nexat B miockoctu BDC?
A) DB, AC,DK. AB B) KB, DA,DK. CP

C) DP, DC,DK. CA ) DB, DC,DK. CB

1. B C
AE—
MP |

B
)_]_P C,

A, D

A6 Ykaxure Touky nepeceuenus npsimod MD ¢ mnockocteio ABC

A)D B)C OA JHM

A7 Yxaxure npsmyro nepecedenus miockocreit ABC u ABB:

A) DB B) DC C)BC 1) AB

A8 [Inockoctu o 1 B mepecekaroTcs Mo MnpsiMoi ¢. Beibepute BepHyo 3amKcCh:
A)axp=c B)aNp=c C)a” B=c Maoanp=C
A9
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Tyro HaTsiHyTast HUTH 3aKperuieHa B Toukax 1,2,3,4,5, pacrnonoxeHHbIX Ha cTepxkHax SA,SB,SC.
YKaxuTe KOJIMYECTBO TOUYEK B KOTOPBIX OTPE3KU HUTH COTIPUKACAIOTCS

A)0 B) 1 C)2 )3

Al10

-

Dl ¥F

N
P

AR

Kak pacrionararorcst mpsimeie AD1 u D1C1?

A) mapamnensHsl  B) mepecekatorcs C) nepneHAuKYISIpHBI
A1l Haiinure yron mexay npssmeivu AD1 u BB
A) 180° B) 60° C)90° 1) 45°
A12 Haiigure Touky nepecedenus npsmbix DC u CCy
A)D B)C O A ) K
A13 Haiigure péopa, napannenshbie rpann ABB1A1
A) AD, BC, A1 Dy, B1Ct B) AB, BC, A1 Dy, B:1C:
B C B C C) DDl, CCl, Cl D1, DC
A } bl A } bl
LI U R '3
A D, A D, .
! o IleprieHAUKYASAPHOCTH NMPAMBIX U IVIOCKOCTEH B
MPOCTPAHCTBE
B C
A

o e

A D

A14 Ykaxute péOpa, mepreHauKysipHbIe m1ockoctn ABB1

A) DA, BC,CCi1. AB B) CB, DA,D:1A;. C1A; C) DC, BC,DA. C 1B
AlS

Bribepute BepHOE yTBEpKICHHE

A) AD| BA B)AB 1 D 1C; C)DC | BC JI) DC 1BC
A16Kak pacriosioKeHbl Apyr K Ipyry péopa Ky0a, BBIXOAIINE U3 OTHOW BEPIIUHBI?
A) TlepneHAUKYISPHBI B) IlapannenbHbl

A17 Otpesok BD nepnenaukymsapeH miockoctu o. CDsBisiercs::

A) TlepnenaukynasipoMm B) Haknonnoi C) Ilpoekuueit HAKIOHHON
B c
A } Dl
)__B:_ R I (4
A18 A D

VYxkaxure oOmuit nepneHaukysipaias npsameix AD u CCy
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A)DC B) CA

C) DD1 1) BC
A19 ITnockoctu o 1 f mapamiensHbl. KakoBo B3anMHoe pacriosioskenue npsiMmbix AD u BC?
A) Ilepecekarorcst B) CxpemuBarorcs

A20 Ipsmeie a u b mapanenbHbie 1 JIeKaT B INIOCKOCTH 0. Yepes KaxIyto U3 3THX MPSIMbIX
MpOBE/IeHA TIOCKOCTh, MEPIIEHANKYIIsIpHAs o . KakoBO B3aMMHOE PacIoioKEeHHE TTOTyIEHHBIX
TIJIOCKOCTEMN?
A) Ilepecekatorcst  B) CkpemuBatorcs  C) IlapamienbHbl ) CoBnagarot

Bapuanm 2

HapaﬂﬂeﬂbHOCTb NMPAMBIX U IJIOCKOCTEl B MpPOCTPAHCTBE Yacrn 1.

3amanue ¢ BeIOOpoM oTBeTa (1 Gawn).
D 1. I

M

A C
P
B
A1 Kakoil mI0cKOCTH HE IPUHAMIEKUT Touka B?
A) PDB B) ADC C) APC 1) BDC
A2 Ha xakux mIoCKOCTAX JEXHUT mpsiMas DA?
A) ADCu ADB B)ADBu ABC C) ADB u DCB 1) DKB u DCA
A3 B kaxkoit Touke nepecekarorcs npsimas DK u mumockocts ADB ?
A)P B)K O A ) D
A4 Tlo xakoii mpsmoit mepecekarorcs mrockoctd ABC u ADB?
A) DB B) DC C) AC 1) BA
A5 Kakue npsimbie JiexaT B iockoctd BDA?
A) DB, AC,DK. AB B) KB, DA,DK. CP
C) DP, DB,DA. BA 1) DB, DC,DK. CB

1. B C
AF—
Mt IB
)_ "N C,
A D,
A6
VYxaxute Touky nepecederus npsmoit NCi ¢ mnockocteio A1B1Cy
A) D1 B) C: C) A1 1) B1
A7 Ykaxure npsamyro nepecedenus miockocreit ABD u ADDy
A) DB B) BB: C)BC 1) AD
AS8IIpsimbie a u b nepecekarorcst B Touke C. BriOepute BepHYHO 3aMucCh:
A)axb=c B)aNb=c C)al b=c ) anb=C
A9
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Tyro HaTsiHyTas HUTH 3aKperieHa B Toukax 1,2,3,4,5, 6 pacnoyioxeHHbIX Ha

crepxHiAX SA,SB,SC. YkaxuTe KOJIMUECTBO TOUEK B KOTOPHIX OTPE3KU HUTH CONPUKACAIOTCS
A)0 B)1 02 )3

A10 Kak pacnonaratorcs npsimsie DDy u DC?
A) mapansnenbHbl

B) nepecekarorcs

C) nepneHMKYISpHEI

B C Afx
A 1
S
B LS
A D,
A11 Haitnure yron mexnay npsmeivu AA1 u BC
A) 180° B) 60 ° ©)90° H)4s5°
A12 Haiigure Touky nepecedenus npsmbix DC n D1P
A)D B)C O A ) K
A13 Haiinure pé6pa, mapamiensubie rpand ADD1A1
A) BC, CCy, BBy, B1Csy B) AB, BC, A1 D1 B:1C1
B c B c C©) AD,BC, A1D;, AC
A } bl A ; bl
B B
Y bt Y IlepnenIuKyJJISPHOCTH NPSAMBIX H IJIOCKOCTeli B
A D, Ay D npocrpancTse Yacrs 1.
3ananue ¢ BeIOOpoM oTBeTa (1 Gam).
B C
o

o e

A, D,
A14 Yxaxute pédpa, neprneHauKyispHble miockoctu ABC
A) DA, BC,CCs1. AB B) CB, DD;,D1A1. C1A1 C) AA1, BB1,DDs. C 1Cy
A15Br16epuTe BepHOE YTBEPKICHHUE
A) AD LBA B) AB L D 1Cs C)DC || BBy mbcl B
A16 MOHO 11 TPOBECTH MJIOCKOCTh YEPE3 YETHIPE MPOU3BOJIBHBIE TOUKH MPOCTPAHCTBA?
A) Jla

B) Her

Al17

Otpe3ox BDnepnenaukynsapeH miuockoctu o. CB saBusercs::
A) Ilepnenaukynspom

B) Haknonnoii C) Ilpoekuueit HAKIOHHOM

A18 VYkaxute oOmmii neprneHaukysip st npsameix AB u CCy
A) DC B) CA C) DD: 1) BC
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B C
Ar—i D

|
)__Ba___ C,

A D

t 1
A19 ITnockoctu o 1 f mapautensabl. KakoBo B3anMHoe pacriosioskenue npsiMbix AC u BD?
A) ITapannenbHbl
B) CkpemuBatorcs

A20

[Mpsimbie @ u b-ckpenuBaromuecs. Yepes a mpoBeeHa MIOCKOCTS 0 || b,. Uepes

npsimyto b mpoBenena miockocTsb || a, . KakoBo B3anMHO€ pacnosio;keHue miockocTen o u ?
A) Ilepecekatorcs B) CkpemuBatorcs C) MapannenbHb J1) CoBnagatot

Tema 4
KoopanHaThl 1 BEeKTOPbI
Kpamkue meopemuueckue ceedenus

OTpe3ok, st KOTOPOro yKa3aHo, KaKOM U3 €ro KOHIIOB CYMTAETCS HAYaJIOM, a KAKOW — KOHIIOM,
HazbIBaeTCsl BeKTopoM. HampasieHnue BekTopa (0T Hauajia K KOHILY) Ha pUCYHKaX OTMEYaeTcs
cTpenkoit. JIro6ast Touka mpoCTpaHCTBA TAK)KE MOKET pacCMaTpUBAThCs Kak BEKTOP. Takoi
BEKTOp Ha3bIBa€TCs HyJeBbIM. Hauano u KoHell HyJeBOro BEKTOpa COBMAIAIOT, M OH HE UMEET
Kakoro-nubo omnpeaenaeHHoro Hanpasienus. Ha pucynke 100, @ n3o0paxeHbl HEHYJIEBbIE
BekTOpbl AB 1 CD u nynesoii Bekrop TT, a na pucynke 100, 6 — HeHyneBbIe BeKTOphI &, b,
m, c, umerouue obmiee Havyano. HyneBoil BekTop o003HavaeTcst Takxke cuMBoJioM 0

JlnuHol HeHyneBoro BekTtopa AB Ha3biBaeTcs ajivHa otpe3ka AB. [lnuna Bekropa AB
(BexTopa, a) o603Havaercs Tak: | AB| (] a |). inHa Hy/I€BOro BEKTOpa CUUTAETCS PABHOM HYJTIO:
|0]=0.

JIBa HEHYJIEBBIX BEKTOPA HA3bIBAIOTCS KOJUTMHEAPHBIMU, €CIIU OHU JIeXKAT Ha OJTHOM MpsAMOit
WM Ha apaJuleNbHbIX OpsaMbIX. Eciu n1Ba HenyneBbix BekTopa AB u CD kosumHeapHs! U eciiu
pu 3toM ayud AB u CD conampasieHnsl, To BeEKTOpbl AB 1 CD Ha3nIBaroTcs
COHAIpPAaBJICHHBIMH, a €CJIH 3TH JIy4d HE SIBISIFOTCS] COHAIIPABIEHHBIMU, TO BEeKTOpBl AB 1 CD
HA3bIBAIOTCS MMPOTUBOTIONIOKHO HaIpaBiIeHHbIMU. HyneBoil BEKTOp yCIOBUMCS CUUTATh
COHAMPABJICHHBIM C JIFOOBIM BEKTOPOM.

3anmce a\\b 0003HauaeT, 4yTO BEKTOPHL, @ U b coHanpaBeHbI

N3yyas BEKTOpBI Ha INIOCKOCTH, MBI OTMEYalIH, 4YTO
R MHOTHE busnueckue BEIUYUHEI,
’ HampuMep, cuia, b, niepeMelnieHue, CKOPOCTb,
l 5 7 BILIIOTCS BEKTOPHBIMU BenuuvHamMu. [lpu
A _* / W3yYCHHUH ¢ JJIEKTPUYECKUX WM MAarHUTHBIX
= (:""" SIBIICHUU > HOSBIIAIOTCS.  HOBBIE  IIPUMEPEI
BEKTOPHBIX BEIMYHUH .DJIEKTPUYECKOE TOJIE,
a) co3JgaBacMoe B oy IIPOCTPAHCTBE 3apsiaMu,
Puc. 100
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XapaKTCpU3yeTCda B Ka)KHOﬁ TOYKE IMPOCTPAHCTBA BEKTOPOM HAIMPSIKCHHOCTH 3JICKTPHUYICCKOT'O

noyisi. Ha puc. 102, a wu30o0pakeHbl BEKTOPbI HANPSHKEHHOCTH AIIEKTPUYECKOTO TOJIS
HOJIOXKUTEIIBHOTO TOYEYHOTO 3apsijia.

PaBeHCTBO BEKT OopoB
BCKTOpI)I Ha3bIBAIOTCA PaBHBIMH, €CJIM OHU COHAIIPABJICHBI U UX NJIMHBI PABHBI. Ha PUCYHKEC

101

AE= DK, max xax AE\JIK n \AE\=\DK\, a AB # DC,max xax AB ne conanpaener DC.
N K

L7

(o D

o p, ,//’.

a)

Ecom Touka A — Hauano BEKTOpa a, TO TOBOPST, YTO BEKTOP a OTJIOMKEH OT TOYKU A.
HerpynHo nokasath, 4TO OT JiIl000# TOYKH MOKHO OTJIO)KMTH BEKTOP, PABHBII JAHHOMY, U
NPUTOM TOJIBKO 0aMH. B camom niene,

MyCcTh a — JaHHBINA BeKTOp, M — nanHas Touka (puc. 103). [IpoBenem yepes Hauano u KOHeEI]
BEKTOPA @ U TOUKY M IJIOCKOCTh U B 3TOM MIOcKOCTU noctpouM BekTop MN = a. OueBuaHo,

gyro BekTop MN nckomsiil. 13 nmoctpoenus sicHo takxke, uto MN — eTMHCTBEHHBINH BEKTOP C
HayaJloM M, paBHBII BEKTODY a.
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Me
Puc. 103

Koopmunarsl BekTopa.
Ecnu yepes Touky npocTpaHCcTBa IPOBEIEHBI 3 MONAPHO NEPIEHAUKYISIPHBIE NIPSMBIE, Ha

Ka)/I0¥ U3 HUX BEIOPAHO HANPaBIICHHUE M BHIOpaHA €AMHUIIA U3MEPEHUS OTPE3KOB, TO TOBOPSIT,
4TO 3aJaHa NPsIMOYIOJIbHAsl CHCTEMAa KOOPAMHAT B IIPOCTPAHCTBE.

priMI)IC C BBI6paHHBIMI/I Ha HUX HaHpaBJ’IeHI/ISIMI/I Ha3bIBAKOTCA OCAMHU KOOp}II/IHaT, a ux 06Hlaﬂ
TOYKa — Ha4aJioM koopauHaT. OHa o6o3Hauvaercs OykBoit O. Ocu koopauHaT 0003HAYAIOTCS TaK:
Ox, Oy. 1x Ha3wIBalOT: O0Ch a0CIUCC, OCh OPJAMHAT, OCh aNTUIMKaT. Best cuctema o603HavgaeTcst

A

{OCb anniuxkam

Y

o \‘,C; T 0Cob
® /0| opounam
&

Oxyz. “x

Tpu MI0CKOCTH, TPOXOIAIINE COOTBETCTBEHHO uepe3 ocu koopauHaT Ox u Oy, Oy u Oz, Oz u
Ox - koopauHaTHBIE TIOCKOCTH. X 0603HauatoT Oxy, Oyz, Ozx.

Touka O pazaenseT KKyl U3 0Ceid KOOpAUHAT Ha 2 Jy4a, OJUH U3 HUX — MOJIOKUTEIIbHAs
MOJIYOCh, APYTrOM — OTpHUIIATEIbHAS TIOJIYOCh.

B HpﬂMOYFOJ’IBHOﬁ CUCTEME KOOpAHAT KaH(HOﬁ Touke M IIPOCTPAHCTBA COIIOCTABIIACTCSA
TpOﬁKa YHCECJI, KOTOPBIC HAa3bIBAIOTCA eé KOOpAHATaAMMU.

[IpoBenem yepes TOUuky M TpH IIIOCKOCTH, MEPENEHANKYISPHBIE K OCAM KOOPJIUHAT, U
o6o3HaynM uepe3 M1, M2 u M3, Touku nepeceueHus: ITUX MIOCKOCTEH COOTBETCTBEHHO C
ocsiMH a0cIce, opauHaT u antumkar. M1 — abeuucca, M2 — opaunata, M3 — anminukara TOYKd
M. Koopaunatel Touku M 3anuceiBatotcsi: M (X; y; z), X — abcuucca, y — OpAMHaTa.

2
i

|
1
|
|
SN el
//O :

M,
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3agaum 119 CaMOCTOSITEIHLHOTO peucHust
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YposeHb | YposeHs |
BapwmaHT | BapuaHT Il
1. Bonpoc. ChopmynnpyinTte onpeneneHna BEKTOPaA, €ro 1. Bonpoc. Pacckaxkute o npasuie TpeyrosibHMKa
O/IVHbI, KONIMHEAPHOCTM ABYX HEHYNEBbIX BEKTOPOB, CNOXKEHUA ABYX BEKTOPOB. [ponnnioctpupymTe aTo
paBeHCTBa BEKTOPOB. [1ponantocTpupyiiTe nx, NCNonb3ya NPaBMIO Ha PUCYHKaAX.
n3obparkeHns napannenenunesa. 2. 3apgayva. YnpocTuTe BbiparkeHue:
2. 3apaya. [laH TeTpasap ABCD, pebpa KOTOpOro pasBHbl. TOUKM - - - > > ->
M. N. P ’ AB+ MN + BC+ CA+ PQ+ NM .
, N, Pn Q- cepeguHsbl pebep AB, AD, DC, BC.
3. 3apava. JaH napannenenunen MNPQM;N1P;Q.
a) BbinuwmnTe Bce napbl paBHbIX BEKTOPOB, A A _I? R i .
n306parKeHHbIX Ha PUCYHKE. Doxkaxute, uto PQ+ NP, = N, P,+ NQ, .
6) OnpenenuTe BMA YeTbiDEXVIONbHWMKA MNPQ.
. S
N
S
3. 3apava. [aH napannenenunes MNPQM;:N;P;Q;.
- - - -
Aokaxute, uto MQ+ M,Q, = N,P,+ NP.
YposeHs Il YposeHs Il
BapuaHTt | BapuaHT Il
1. Bonpoc. Pacckaxkute o npasuie napannenorpamma 1. Bonpoc. Pacckaxute o npaBuie MHOIOyrosibHUKa
C/IOXKEHUA ABYX BEKTOPOB. [ponnntocTpmupyiite 3To NpaBmIo CNOXKEHWUA HECKOIbKMX BEKTOPOB. MNpounnntoctpupyiite
Ha PUCYHKe. 3TO MPABWJIO HA PUCYHKeE.
2. 3apava. JaHa tpeyronbHaa npusma ABCA1B1Cy. YKaxunte 2.  3apaya. JaHa TpeyronbHaa npuama ABCA1B1C;.
- -
BEKTOP X, HA4a/0 M KOHeL, KOTOPOro ABAAKTCA BEPLUMHAMM YKaxKuTe BEKTOp X , Ha4aslo U KOHeL, KOTOporo
- - - - 1
NPU3MbI, TaKOW, YTO A4, + B,C— x = BA. ABNAIOTCA BEPLUMHAMM NPU3MbI, TAKOK, YTO
- - - -
3. 3apayva. OcHoBaHWEM NUpamuabl ¢ BepwnHon O siBaseTcs AC,— BB +x=AB.
napannenorpamm ABCD, anaroHanm KOTOpOro nepeceKkatorca 3. 3apgauva. Touka K - cepeamHa pebpa B;C; kyba

- -
B Touke M. Pasnoxute Bektopbl OD 1 OM no Bektopam

4=04 b=0Buc=0C.

N
ABCDA;B;C;D1, Paznoxute Bektop AK no Bektopam

- > o - - - o
a=AB,b=AD, c = AA VHalnauTe 4MHy 3TOro
BEKTOpa, ecnun pebpo Kyba paBHO m.

JlelicTBHMS HA/I BEKTOpPAMH
1. KaxxJast KoopZAnHaTa CCpeANHbI OTPE3Ka paBHA MMOJTYCYMME COOTBCTCTBYIOLIUX KOOPAUHAT €ro

KOHIIOB.

— [ 2 2 2
2. Broruncienue 1IMHBI BEKTOPA MO €r0 KOOPAWHATAM. |a| =X +y" +1z

3. Paccrosiaue MCXKAY ABYMS TOUKAMU

d = ‘j':xz —x)  + (=) iz -2
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1. KaxxZas KoopAnHaTa CCpeANHbI OTPE3Ka paBHA MMOTYCYMME COOTBETCTBYIOIINX KOOPAUHAT €ro
KOHIIOB.

— [ 2 2 2
2. Brruucienue mimHbl BEKTOpa MO €ro KOOpAuHAaTaM. |a| =4\X +y +Z

3. PaccTosiHue MeXay IBYMS TOUKaMHU

d = ‘j':xz _x1:'2 + (v, _J"lj'j +iz, _21)2

CxajsipHOe IPoU3Be/ieHHEe BEKTOPOB

11
1

Yroa mexkay BeKTOpamu
H 5 Bo3bMeM j1Ba MpoM3BOJIBHBIX BekTOpa a ¥ b. OTiokuM OT Kakoi-
HUOYIb Touku O BekTopbl OA =a u OB =b. Eciui BexTopb! a 1 b He
SBIITIOTCS COHanpaBieHHbIMU, TO Jiyan OA u OB obpa3yrot yroin AOB

['pamgycHyto Mepy 3TOoro yriia 0603Ha4uM OYKBO a M OyJIeM TOBOPUTD, UTO y20.]1 MEMHCOY
eéekmopamu a u b pasen a. Eciu ke BeKTOpSI a ¥ D coHanpasiieHbl, B YaCTHOCTH OJIUH U3 HUX
unu o0a HyJeBbIe, TO OyIeM CUMUTaTh, YTO YroJ Mexay HuUMuU paBeH 0°. Eciu yron mexmy
BeKTOpaMu paBeH 90°, ToO BEKTOPHI HA3BIBAIOTCS HEPREHOUKYIAPHBIMU.

CxansipHbIM NPOU3Be/leHHEeM ABYX BEKTOPOB Ha3bIBaeTCsl MPOM3BeJAeHUe UX UINH Ha
KOCHHYC yria mexcoy humu. CKajJsipHoe Mpou3BeleHHe BEKTOPOB a U b 0003HavaeTcs Tak:

ab.
Taxum o6pazom, ab = |§”6‘ cos(ab)

YTBep:KIeHus:

1.Ckanapnoe npouszeedenue HeHy1€e8blX 6eKMOPO8 PAGHO HYJIH0 M020d U MOIAbKO mo20d,
K020a 3mu 6eKmMopvl NepneHOUK)IAPHbL.

2.CkanapHulil Keaopam 8eKmopa paseH K8aopamy e20 OJUHbL.
3.I1o onpeeneHn 0 CKAISIPHOTO TPOU3BEICHHS IBYX HEHYJICBBIX BEKTOPOB:

ab=lab <Llab
CcOoS
Crie0BaTeNbHO, eciu =0 51 b=0 , TO

a A/

7O
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(4
cos £ =

-+ =

KOCHUHYC yrjia MCKAY HCHYJICBbLIMU BCKTOPaMH gy & PaBCH CKAJIPHOMY IMPOU3BCACHUIO 3THUX
BCKTOPOB, ACJICHHOMY Ha MMPOU3BCACHUC UX JIJIMH.

Ecmm: (= (X1; y1;22); EJ = (X2; Y2; Z2)

nx,tyy, tzz,

&
cos £ =

2 2 2 2 2 !
\le ty It ax Yy ta,

331[3‘11/1 AJIS CAMOCTOATEJIBHOIO PEIICHUS

3auéTt Nel
«MeTox KOOPIUHAT B IPOCTPAHCTBE»
BapuanT 1
1. Jaumsr rouku A(5; 0; 2), B(4; -3; 2),
C(0; 0; 1), D(2; -4; -4). Hatinure:
a) xoopauHaTe BekTopoB AB u CD;
0) KOOPIMHATHI BEKTOPOB a =

T=AE_cD, = -4AR

B) JUTMHBI BEKTOPOB a H'U
chxan_;%Hgg TOM3BENICHHE BEKTOPOB

ABuCD,awub.

2. Bepmmnsl Tpeyroiaparnka KMN uMeroT KoopauHATHL
K(-2; 3; -2), M(8; 1;2), N(2; -3; 0). Haiiure:

a) KOOPIWHATHI CEPEAMHBI CTOPOHBI KM

0) IIMHBI CTOPOH TPEYrOJIbHUKA W OMpPEAEITUTE BUI
3TOTO TpeyroiabHIKa (paBHOCTOPOHHUH,
paBHOOEIPEHHBIIN MM PAa3HOCTOPOHHHUM );

B) BBIUMCIUTE KOCHHYC yria M W OmpelenuTe BHI
9TOrO yria (OCTPHIH, MPSIMOHN WK TYIION)

673

-

3auéT Nel
«MeTo KOOPIUHAT B MPOCTPAHCTBE»
BapuanT 2
1. Janst Touku A(5; -5; 0), B(-2; 1; -3),
C(0; 3; 1), D(1; 3; -4). Haiiure:
a) KOOpAWHATH BEKTOpoB AB I/I D;
0) KOOpIMHATHI BEKTOPOB a =

T=AB_cb, = nas>

B) JUTMHBEI BEKTOPOB a 1/1'3

I:LCKaJ'I_ngQ’e TPOM3BENICHHE BEKTOPOB

ABuCD,awub.

2. Bepmunsl Tpeyronbanka KMN HMEOT KOOpAUHATHI
K(8; 3; 5), M(14; 1;0), N(12; -5; 0). Haiinure:

a) KOOPAWHATHI CEPETUHBI CTOPOHEI KM;

0) HIMHBI CTOPOH TPEYTOJIbHUKA W OMPENENUTE BHI

3TOTO TPEYrObHHKA (paBHOCTOPOHHH,

paBHOOEIPEHHBIN W pa3HOCTOPOHHUN );

B) BBIUUCIIUTE KOCHHYC yTiia M U OnpeneanTe BT

9TOro yria (OCTPBIH, MPSMON WIIN TYTION)

a’D

—>

3auéT Nel
«MeToa KOOPAUHAT B IPOCTPAHCTBE»
Bapuant 3
1. [Jausr Touxku A(4; 4; 0), B(1; 0; 5),

C(-1; -5; 0), D(10; -1; 0). Haiinure:

a) koopauHaThl BekTopoB AB u CD;

0) KOOPIMHATHI BEKTOPOB & = AB + CD,

B=AE-cb, = nas®

B) JUIHHBI BEKTOPOB a i B,
I') CKJIIPHQE POMU3BEICHNE BEKTOPOB

Foite St e

2. Bepmunsl Tpeyroiasauka KMN umMeroT koopauHaTh
K(3; 8; -4), M(-5; 8;4), N(-5; 0;-4). Haiinure:

a) KOOpJMHATHI cepeauHbl cTopoHbl KM,;

0) JUIMHBL CTOPOH TPEYTOJILHUKA W ONPEACIUTE BHI

-5

3auéT Nel
«MeTo1 KOOPAMHAT B IPOCTPAHCTBE»
Bapuant 4
1. Jansr Touku A(3; 0; 3), B(0; -3; 1),
C(-1; 2; 1), D(4; 4; -2). Hatinure:
a) koopauHathl BekTopoB AB u CD;
0) KOO ,Z[I/IH&TBI_EGKTOPOB a=AB+ CD,

T=AB_cb, &= vas>

B) JUTHHEI BEKTOPOB a 1 B
I') CKJIIPHQE IPOU3BEACHNE BEKTOPOB

oMt Ft e

2. Bepumnsl TpeyronbHuka KMN nMeroT KoopAnHaTHI
K(5; -1; -3), M(1; 6;2), N(9; 6; 2). Haiigure:

a) KOOpJUHATHI cepenuHbl cTopoHbl KM;

0) JUIMHBI CTOPOH TPEYrOJbHUKA W ONpEIeNuTe BHUJ

-5

>
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3TOro TpeyrojabHUKa
paBHOOEAPEHHBIN WM Pa3HOCTOPOHHUN);

(paBHOCTOPOHHUIA, | 3TOrO TpEYrolbHUKA (paBHOCTOPOHHHUH,
paBHOOEAPEHHBINH WM PAa3HOCTOPOHHHUN);

B) BBIYMCIIMTC KOCUHYC yIJia Mu OMpCACINTEC BUJ B) BBIYMCIIMTEC KOCUHYC yIjia Mu OIIPEACIINTC BU/

9TOro yria (OCTpBIH, MPSIMOW WK TYTO#)

3TOrO yrina (oCTpblil, IPsIMON MJIM TYNOH)

Tema 5
OCHOBBI TPUTOHOMETPUU
Kpamkue meopemuueckue ceedenus
Pagnannas mepa

VYron B | pagmaH — 3TO TakoW LEHTPaJbHBIA Yroj, JJIMHA AYTd KOTOPOrO paBHA paguycy
OKPYKHOCTH. PajaHHas W TpagycHas Mephl CBA3aHBI MeXTy co0oii 3aBucumocTsiol80°=n pamuan;

n
180°

yron B n°=

paauaH.

3HaueHus: TPUrOHOMETPUUECKUX (PYHKIIMI MOTYT OBITh HalJECHbI TaK, KaK 3TO JIENaJoCh B Kypce
Tr€OMETPHH, U3 MPSAMOYTOJIbHOTO TPEYTOJIbHUKA C TUIIOTEHY301 paBHOH 1 M Mo ouepenu 3agaBaeMbIX

yrmos: 30°, 45°, 60°.

3HAKH TPUTOHOMETPHYECKHX (PYHKIHUH 10 KOOPAUHATHBIM YeTBEPTHAM:

Howmep xoopauHaTHOM | I m \Vi
4EeTBEPTU
Sina + + - -
Cosa + - - +
Tga + - + -
Ctga. + - + -
3Ha4YeHUSA OCHOBHBIX TPUTOHOMETPHYECKUX PyHKIMiA
Pannannas T T T T 27 3 Sz
Mepa yriia 0 6 n 3 Pl 3 1 5 T
Tpanychas | o 300 45° 60° | 90° | 120° 135° 150° | 180°
Mepa yria
. 1 | V2 |3 V3 | V2 | 1
sina 0 — — | — 1 — — 5 0
2 2 2 2 2 2
1 1 J3
cosa. 1 ﬁ Q - 0 -—= | - Q o | 11
2 2 2 2 2
J3
tga 0 V3 L | V3| - | =8| 2 |73 o
3
V3
ctga - | 43 1 % o | 3 1 |- J3 | -
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Paguannas T 51 A 3T oY/ T 117

iepa yria 5 | 4 |3 23| 4|6 |7
Tpanycuai | 5100 | 9950 | 2400 | 2700 | 300° | 315° | 330° | 360°
Mepa yria
| 1| 2|3 B a1
Sina —_— - 2 -1 2 = S 0
2 2 2 2
B s 1 | V2 | V3
cosa - - — 0 — - - -1
2 2 2 2 2

w

tgo % 1 J3 - | =3| 1 |~

A J3
3

ctga \/§ 1

w
o
|
w|
R
|
&
|

CBOHCTBO YeTHOCTH U HEYETHOCTH
EnuncTBeHHas yetHas PyHKIMS — KOCUHYC
cos(-a)=cosa.
Bce ocranbHbIe OCHOBHBIE TPUTOHOMETPUUECKHE (PYHKIIMN HEYECTHBIC:
sin(-a))= -sina;
tg(-a)= -tga;
ctg(-a)= -ctga.

OCHOBHLIC TpI/IFOHOMeTpH‘leCKHe TOXKIAECTBA:
sin“a+cosa=1;

sin o cosa
tga=— Clga =—;
cosa sin o
tgo-ctga=1;
2 . 2
9°a+l=—-—; ctg°a +1=——.
Cos” « sin“ o

DopMYy.JIbl CJIOKEHHS :
cos(a-B)=cosacosp+sinasinf;
cos(o+PB)=cosacosB-sinasinf;
sin(a-P)=sinacosP-cosasinf;
sin(o+p)=sinacosp+cosasinf;
tg(cr+ ) _M (a-p) =998
tgf’ 1+tga-tgps

DopMyJIbI IPUBEICHUA
11t IpeoOpa30BaHus BBIPAKEHUN BUAA:
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zmn zmn 7mn mn
sin(?iaj,cos(;iaj,tg(7iaj , ctg(;iaj ,n€EZ

Jnist 3an0MUHAHUA 3THX POPMYI YI0OHO MOIH30BATHCS MHEMOHUYECKUM MTPABUIIOM:

1. Ilepen nmpuBeneHHOW (GYHKIHMEW CTaBUTCS TOT 3HAK, KOTOPBIM MMEET UCXOAHAS (YHKIIHS B
COOTBETCTBYIOIIEW KOOPAUHATHOMN YETBEPTH:

2. OyHKIUSA MEHACTCS Ha «KO(YHKIHIO», €CTH N HEYeTHO; (YHKIUS HE MEHSETCS, €CJId N YETHO.
(Kodyakumsamu cuHyca, KOCHHYca, TAaHI€HCAa M KOTAaHTE€HCAa HAa3bIBAIOTCS COOTBETCTBEHHO KOCHHYC,
CHUHYC, KOTAaHI€HC, TAHI'€HC).

@D opMyJIbI ABOHOIO yI1a TPUTOHOMETPHYECKUX (PYHKIIUIMA:
€os 2a = cos® a —sin® «,
sin 2a = 2sin e cos«,

29
tg2a = 9 )
1-t9°x
ctg’a -1
ctg2a = g—'
2ctga
. a
oncrasnss B GopMyisl COS2t=1-2sin’t u cos2t=2c0s%t-1 3nauenne T = ~ » ToyacH
®opmyJibI MOJTOBUHHOIO APryMEHTAa:
. ,a l-cosa
sin* =—=—"-"
2 2
,a l+cosa
CoS" —=———.
2 2
. ,a 1-cosa ,a l+cosa
Pazgenus SIN E = T Ha COS E = T noytyaaem GopMyIry

,a l-cosa

t =,
9 2 l+cosa

®opmyJibl peodpa3oBaHUs CYMMbl TPUTOHOMETPHYECKHUX (PYHKUMII B IPOU3BeeHHe:

. . .o+ o—
sin & +sin B =2sin ﬂcos ﬂ,

2 2
sina—sinﬁ=23ina_ﬂcosa;ﬂ,
COSa+COS,B=2COSa;’BCOSa;'B,
cosw—cos,Bz—Zsina;ﬁsina;'g.
tga+tgﬂzw, a¢£+7zk, ﬂ¢£+;zk,

cosacos B 2 2

tga—tgﬂ:M, a¢£+7zk, ,B¢£+7zk.
COS ¢ COS f3 2 2
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Jlitst ipeoOpa3oBaHusi MPOU3BEICHUSI TPUTOHOMETPUICCKUX (DYHKIMHA B CyMMY MPHUMCHSIOTCS
¢dbopmybL:
) 1, . )
sin azcos 3 = E(sm (a+ B)+sin(a-p)),

oS COS f3 = %(cos(a + )+ cos(a — B)),
sin asin 8 = %(cos(a — B)—cos(a + ).

PEHIEHUE TUIIOBbIX 3AJTIAY

IIpumep 1.

Berrancyure: sin 405°.

Pewrenne:

nosHsIH Kpyr — 360° MOXKHO «OTOPOCUTE:

V2
sin 405%=sin(405°-360%)=sin45°=—— .

2
IIpumep 2.
BrIpasuTe B pafiuaHHOM Mepe 3Hadenue yria 36°.
Pewrenne:
4YTOOBl «IEPEBECTU» TPATyCHYI0 Mepy Yrja B paJudaHHYl0, HEOOXOAMMO 3a/JlaHHO€ 3Ha4YeHue
T
HOHTb Ha , T.0. TIOJIy4YUM
60 36° 7 T
©180° 5
IMpumep 3.
5 2r
BripazuTte B rpagycHOi Mepe 3HaUYEHUE yria ? :
Pewrenue:
4TOOBl «IEPEBECTU» pAJUAHHYIO MEpy yria B TpajyCHYI, HEOOXOAMMO 3a/JlaHHOE 3HAaYeHHE
180°

YMHOKHTH Ha , T. 0. [IOJIYyIUM

2_7z _ 180° B 360°
5 =« 5

=72°

33[{3‘[1/1 AJIA CaMOCTOATEJIbHOI0 peICHU s

1 BapuanT 2 BapuaHT 3 BapuaHT

Nel. Belpasute B paguannoit | Nel. Beipasure B paguanHoit | Nel. Beipasure B
(rpamycHolf) Mepe 3HaueHHe | (TpaaycHOi) Mepe 3HaUeHHEe | paAuaHHOU (TpaxyCHOM)
Mepe 3HaYCHHUE yria: 270°:

60°: ad 180°: el

na: 60°; —. Tia; : .

a 6 Y 5 ST
No2. Berunciure: Ne2. Beruncnure: 36

Neo2. Beryuciure:
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sin 2010° + 4tg(—855°) +
++/3c0s(—1590°).

sin (~390° )+ 4tg(~405°) +
++/3cos?(—420°).

4 BapuaHTt
Nel. Beipasure B pagnanHOM
(TrpamycHoOli) Mepe 3HaueHue

4
No2. Beruucimre:

sin 1500° + tg(—765°) +

V3

Y c0s(1845°).

yrma: 120°;

5 BapuaHT
Nel. Boipa3surte B paauanHoi
(TpamycHoOli) Mepe 3HaueHue

E .

No2. Beruncimre:

yrma: 310°;

+ 2tg——\/_ctg( 23”)

e )

6 BapuaHTt
Nel. Beipasure B
paauaHHoOM (rpaLycHOM)
Mepe 3HaueHne yria: 360°;
o

4
No2. Beruncnure:
c0s2160° + c1g(855°) +

++/3sin(—1590°).

IIpumep 4.

Haiigure 3HaueHus Apyrux TpexX OCHOBHBIX TPUTOHOMETpUYEeCKUX QyHKIHH, eciau: sina=-0,8 u
n<o<l1,57.
Pewrenne:
HCIIOJIb3Ys OCHOBHOE TPUTOHOMETPHYECKOE TOXKAECTBO Sin“a+Cos?a=1, nmeem:
cos?a=1-sina, Toraa cos?o=1-(-0,8)?=1-0,64=0,36.
T. x. n<a<1,5n (11l xoopauHaTHAs yeTBEpTH), TO cosa=-0,0.

Mo dopmyne tga =
(bpy g COS

sin a

ITo dopmyre tga-ctga=1 Beruucnsem ctga=1. % =—

BerancisieM (Ja = _—0’8 = § = ﬁ
-06 6 3
4.
3

3agauu IS CAMOCTOSITEILHOI0 PeleHust

1 Bapuant
1) Haiigure 3HaueHus
JIPYTUX TPEX OCHOBHBIX

2 BapuMaHT
1) Haiigure 3HaueHus
JPYTUX TPEX OCHOBHBIX

3 BapuaHr
1) Haiigure 3HaueHus
JPYTUX TPEX OCHOBHBIX

TPUTOHOMETPHUIECKHUX TPUTOHOMETPHUCCKUX TPUTOHOMETPHYECKHUX
byHKIM, ecu: byHKIMiA, ecnu: byHKIMHA, ecu:
J6 7« 2 V1 15 3z
coso=———u —<a<7x sino=— un 0<a <—, COS“_EH7<0{<2”-
4 2 3 2
4 papuanTt S Bapuanr 6 BapuaHT

1) Haiigure 3HaueHus
JOPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUUECKUX
GbyHKUUH, eciau:

T
sina=0,5u E< a<T,

1) Haiigure 3HaueHus
JPYTUX TPEX OCHOBHBIX
TPUTOHOMETPUUYECKUX
byHKIMH, ecnu:

3
cosa=0,4 u 7 <a<2r,

1) Haiigure 3HaueHus
JIPYIUX TPEX OCHOBHBIX
TPUTOHOMETPUUECKUX
byHKIUH, ecu:

J3

. T
sma:? n0<a<—,
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PEIIEHUE TPUTOHOMETPUYECKHNX YPABHEHUI
Kpamxue meopemuueckue ceedenus

YpaBHeHue DopMyJIbl pELIEHUS YacrtHble cirydan
sinx=0; x=7k, kez
. LT
_ npu [a| <1 x=(-1) arcsina+ 7k, kez | SMX=1ix=7+27%, kez
SN X=a
pu |a|>1-pemeHI/H71HeT Sinx=-1. x=-= 42k
kez
=0; x=242
npu [a] <1 X =ztarccosa+2zn, nez COSX=0, X=7+em, Nez
COSX=a
npu |a >1 - pewenuit Het cosx=1; x=2m, nez
cosx=-1; Xx=x+2m, nez
tgx=a a - moboe uucno X =arctga+zk, kez | -
ctgx=a a - moboe gncio X = arcctga + 7k , -
kez
PEIIEHUE TUIIOBBIX 3AJIAY
Ipumep 1.

Pemmre ypaBuenwue: Sin t= -

Pemrenue:

o dopmyre t=(-1)¥arcsin (% Y1k, (K € Z).

ITockoabKy arcsin (% )=n/4 npuxoauM K oteery t=(-1)X n/4+nk, (K € Z).

Ipumep 2.
(7 x)_A2
Pemmre ypaBHeHue: Sin | ——= |=—.
(10 ZJ 2
Pemenue:
(GYHKIUSA CHHYC HEYETHasl, T03TOMY Sin T _Zlogin| 22 —-Q
YHIHDLCHIY ’ M1 2 2 10) 2
Torna o popmyse: Tz =(-1)arcsin —Q +7k, (k € Z).
2 10 2
T.x. arcsin —Q :—E,I/IMeeM
2 4
X T
S = -DX== )k, (k€ Z
3 - Dy (ke D
W
X T

X_T ) _®
5 10+( 1)( 4J+ﬂk,(k€2).

YMHOXKHB 00€ 4aCTH ypaBHEHMS Ha 2, TIOJy4YUM OTBET:
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x="14 (—1)k+1(fj+ 27K
5 2

Mpumep 3.

K€ 2).

Pemnre ypaBHenue: tg t= \/§ .

Pemenue:

o popmyste t=arctg( \/§ )tnn, (n € Z2).

T
IMockosbky arctg( \/§ )= E

T

IPUXO/IUM K OTBETY 1= E +nn, (n € Z).

3agaum 119 CaMOCTOSATEIHLHOTIO peucHust

1 BapuanT 2 BapMaHT 3 BapuaHT
(X 7 _ J2 : 1
sinf=—=|=0: N2 1) Sin 2x = —;
1) (2 4j ; 1 sinx=—>; )
2) 2C0SX =+/2;
2) COS(XJFZJ:l; 2) cosBx:ﬁ- )
3 2" 3) tg(3x+£j:£.
3) tg2x = /3. 3) 192X = —/3. 6) 3
4 BapuaHT S Bapuant 6 BapuaHTt
. X \/§ . 3 . ( 72')
B P Sin X =—. 1) sin| 2x+—|=1.
b Sm(zj 2 b 5 ) 3
2) cos X2, 2) cos(l—x) = 1 ; 2) cos(zx—fj =-1;
4 5’ 2 4
T_ X
3) tg(Zx—%]:O, 3) tg(x‘gj—?’- 3) Ct95=—\/§.

Dy=2x+1;
2)y=1-x;
3)y=:’r:2 + 2X;
4y =—x>+2;
1

Ny==7,
6)y = |x+1|
Ny=+x+1
)y = X°

1 1
9y=7x+ )
10)y = [X]

Tema 6.

DOyHKIUM U Tpaduku.
Kpamxkue meopemuueckue ceedenus
Dyukyuu ux ceoncmea u zpaguru
1. IIpumepsl 3aganus pyHKuH GOpMyJI0i.
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{—x npux < 0,
LDY=1y2 npux = 0;
12)y=x —i.

2.I1puMepsl c10BECHOT0 3aJaHusl GYHKIMMH.

1)X -moboe unciio, y(X) - menast 4acTh Yrcia X, T.€ HaOOJIbIICE 1EI0C YKCII0, HE TPEBOCXOIAIICE
X. O6o3nayenue: y =[X];

2)X - nroboe uuncio, Y(X) - 3HaK yucna X,T.e uucio +1 npu X>0; uucino 0, ecnu X = 0; uncio -1
npu x<0. O6o3HaveHue: y=sinx;

3) X - m0b0e HaTypaTbHOE YHCIIO0, Y(X) - IPOM3BEACHUE BCEX LENbIX Yucel OT 1 70 X
BKIIOUMTENbHO. O003HaueHue: y = x! (x ¢akropuan). HezaBucumas nepemeHHasi,
MIPUHUMAIOIIAs HATYpaJbHbIE 3HAYE€HUsI, 0OBIYHO 0003HaYaeTCsi OYKBOM N, TO3TOMY NMPUBBIYHEE
3amuce y=n!.

3.I1pumepsl npociienoBanus GyHKIUH, 3aJaHHBIX (pOpMYJI0ii ¢ 00s1acThIO onpenesieHus: D.

y= %x%-1, D: R i x - mo6oe 4ncio.
2)y=v1—x?% D:[-1:1]
1
3)y=——, D: X5 lunu x - mro6oe uncyuo, kpome X = 1
x—1

4y = ‘\E, D: [0;+20) uu X - 11000€ HEOTPHIIATETHLHOE YHCIIO.
4. Hyan pyHkuum.

1) y=2x -1, o1uH Hy/b: X = g;

)y =% +x-,mym: X; = 0,x, = —1

3)y = X2 +Xx+5, Hyueii Her.

4) y = X -[X], aynu. Bce yucna

S5.JIpoMexyTKH 3HAKONOCTOSIHCTBA (DYHKIMH.

y= i) y <0 npu x<2, y>0 npu x>2; mm y < 0 npu x €(-20; 2), y >0
pu X €(2; +00).

2)y= «f}— 2,y < 0 npu xe[0;4); y>0 mpu X €(4; +c0).

3)y = le_g, y<0 mmpu x € (-v'2; V2);y>0 npu x €(-00; v/2)U(/2; +00)

6. Touku 3kcTpeMyMa QyHKIIUH.

y= _ OKCTpEMyMa HeT.

2y = x? — 2% , X=1 -Touka MUHUMYMa. 3Hau€HHE y B ITON TOUKE paBHO -1:

y(1)=-1.
7.JIpoMeKyTKH MOHOTOHHOCTH (DYHKIIMU.
1) y=1 -Xx, pyHKus y yObIBaeT Ha BCeil YMCIOBOM OcH;

2)y:.'=-i2 -1, bynkius y yosiBaeT Ha mpoMexxyTke(-02;0] 1 Bo3pactaet Ha mpoMexyTtke [0;+00);
1
3)y— " (yHKIHMS y BO3pACTaeT HA KAKIOM M3 IIPOMEKYTKOB (-22;0) u (0;+20);

4)y = X° +x, (byHKLMS y BO3pacTaeT Ha BCEH YMCI0BOM OCH.

8.Hanbo/b1ICEe 1 HAMMEHbIICE 3HAYeHUs] QYHKIUH.
1) y = -x-1; dyHKk1us He UMeeT HU HauOOoJIbIIeH, HM HAaMMEHbBIIIET0 3HAUYCHHH.

2)y=-X, X €[-1;1]; HanOosbIIee 1 HAaMMEHbIIIee 3HAYCHUS PYHKINS IPUHUMAET Ha KOHIAX
npomexytka: y(-1) = 1 - naubonbmee 3Hauenue; y(1) = - 1 - HauMeHblIee 3HAYCHUE.
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3)y=:=-i2 - 1; Haumenbiee 3HaYeHne GyHKIUsA npuHUMaeT npu X = 0, y(0) = -1. Haubouspmiero
3Ha4YeHUs y QYHKINU HET.
4y =- X% +2x, X € [1;3]: HaubosblIee 1 HAUMEHbILIEE 3HAYCHHUS.

9. Muo:xecTBO 3Ha4eHuii E pynknmun.
)y =-x, E: R unu y - mo6oe uucio;

2)y =-x,x € [-1;1], E[-1.1];

3)y=X>+ 1, E:[1; +00)

4)y = - +2x, X €[0;3], E[-3;1] mm -3 = y < 1.

10. CumMeTpus ¥ NepHOAUYHOCTD rpaduka pyHKumMu.
Dy= x2- 1 - verHas GyHKIMS.

2)y =

3)y = COS X - yeTHas nepuoudeckas QyHKims.

- HEYEeTHAs KIIHSL.
¥ +1 (byH H

4)y = S§IN X - HeueTHAs TIepUOAMIECKas (QYHKITUSL.
11.0rpanu4eHHOCTh QYHKIMH.

2x
y=

MEHBIIIE€ €TUHUIIBI, CIIEIOBATEIHFHO, MBI MOKeM Hamucath 0= y =< 1.

2., OrpaHHMueHHas ¢bynkuus. [Ipu Bcex X 3HaueHus: QyHKIIMU HEOTPULIATEIbHBI U

2)y= x2 - (GyHKLMSL, HE SBISIOMIASACS OrPAaHUYEHHOM.

[IpsiMast mponopMOHAILHOCTh. JInHelHas QyHKITHSI.
OOpaTHas IpPOTOPUHOHAIBHOCTE. I nepboa.
Ksanparnunas ¢yakousa. KBagpaTHas napaboiia.
Crenennas ¢pyakmus. [lokazarenbHas ¢ yHKITHSL.
Jlorapudmudeckas dhyakiusa. TpuronoMmerpudeckue GyHKIIAN.
OOpatHbIe TPUTOHOMETPUYECKUE (YHKIIUHU.

1 Iponopyuonanvhoie seruuunst. ECiv nepeMeHHble Y U X NPsSMO NPONOPYUOHATbHBL, TO
. OYHKIIMOHATbHAS 3aBUCUMOCTh MEK/Iy HUMH BBIPa)KACTCS] YPAaBHEHUCM:
y =kXx,
rae K - mocrosiuuas BenmunHa ( koogguyuenm nponopyuonarbHocmu ).
I'paduk npsmoil nponopyuorarbHocmu — IpsiMast
JIMHYSL, TIPOXOIAIIAst Yepe3 HAuallo KOOPAMHAT M 00pa3yrolas ¢ 0Cbio X YroJl ct, TAHI'€HC
kotoporo pased K:tanc =k (puc.8 ). IToatomy, Ko3(hPHUIHEHT MPOMOPHHOHATBHOCTH Ha3bIB
aeTCs TAKXKe yenoebim kodpguyuenmom. Ha puc.8 nokaszansl Tpu rpaduka mist kK=1/3, k=1
u k=103.

Fuc 8
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2. Jluneinan ¢pynkyua. Eciiu nepeMeHHbIe Y U X CBsI3aHbl ypaBHeHHEM 1-0# cTeneHu:
Ax+By=C,
/i€ 1o KpaiHel Mmepe oHOo U3 unucen A win B He paBHO Hyito, TO rpadukomM
9TON (PYHKIIMOHAIBHOMN 3aBHCUMOCTH sBisieTcs npamas aunus. Ecomu C = 0, To OHa IpoXoIuT
gyepe3 HayaJlo KOOPMHAT, B IPOTHBHOM cily4ae - HeT. I 'paduku muHedHbIX QyHKIUN 71s
pa3nmuuHbIX KomOuHarwmii A, B, C moka3ans! Ha puc.9.

r B=0, A=0

A=0, Bzl

A=0, B=0, C=0 /

VB

Sp=
Fuc. 5 oA

3 Obopamnuas nponopyuonansnocms. Eciu nepeMeHHble Y U X 00pamHo nponopyuoHaibtsl, T
0 (hyHKIMOHAIIbHAS 3aBUCUMOCTh MEXX/y HUIMH BBIPA)KaeTCsl YpaBHECHHEM:
y=k/x,
rae K- mocTosiHHAS BETMYHMHA.
I'paduk 0OpaTHOI MPOMOPIHOHATBHOCTH — 2unepbora ( puc.10 ). Y aToit KpuBoOii ABE
BETBU. [ UIepO0JIIbI 1MOTy4aroTCsl IPU NIEPECeUeHUH KPYroBOTO KOHYyca TNIOCKOCThI0 Kak
nmoka3aHo Ha puc. 10, nmpousBeneHre KOOPANHAT TOUEK
rUIepO0IIbl €CTh BETMYMHA IMOCTOSTHHAS, B HallleM ipuMepe paBHas 1. B o0mem cinydae sta
BeNMYKHA paBHa K, 4TO ciiemyeT u3 ypaBHEeHUs rUnepOobl: Xy = K.
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OcHOBHBIE XapaKTEPUCTUKU U CBOMCTBA rUNIEPOOJIBI:
- oOmacTh onpenencHus pyHkiuu: X =[]0, obmacte 3HaueHuit: y= 0
- ¢yHkIuss MoHOTOHHAs ( yobiBaromias ) mpu X < 0 mnpu X > 0, HO HE
MOHOTOHHAsI B I[EJIOM H3-3a TOUKM pa3pbiBa X = 0 ( momymaiite, mouemy ? );
- (pyHKIIMS HeorpaHUUEHHAas!, pa3pbhIBHAs B Touke X = 0, Heu€THasl, HENePHOAUUECKas;
- HyJIe QyHKITUS HE UMEET.

Tema 7
MHoOrorpaHHUKHM U TeJia BpalleHust
KpaTkue TeopeTnueckue cBegeHHs

MHororpaHHuKH

OcHogHble NOHAMUS

HekoTopsie MPOCTPAHCTBEHHBIE ¢burypsl,

HN3ydyacMbI€C B CTCPCOMCTPHUU, HA3BIBAIOT TCIaMU
HJIIN TCOMCTPUUCCKUMU TCJIaAMU. Harnsgno Tteno
HaJ0 IPCACTABIIATH cebe Kak 4acTh IIpOCTPaHCTBA,
3aHATYHO (DHSH‘IGCKI/IM TCJIOM U OI'PAHUYCHHYIO
IMOBCPXHOCTLIO.

MHOI‘OI‘paHHI/IKOM Ha3bIBACTCA TI'COMCTPUUCCKOC
TCJIO, IMNOBCPXHOCTDb KOTOPOIo COCTOUT nus3
KOHCYHOTO 9H1CJIa MIIOCKHUX MHOT'OYI'OJIbHUKOB.
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BhINyK/IbIM Ha3bIBACTCSI MHOTOTPAHHHK, C€CJIH OH
pacmoyio)keH MO OAHY CTOPOHY IUIOCKOCTH,
npoBeAEHHONW dYepe3 J000H  MHOTOYTOJIBHHK,
oOpa3yromumii MMOBEPXHOCTh JTAHHOTO
MHOTOIPaHHHKA.

MHOTOYTOJILHUKH, COCTABJISIONINE IOBEPXHOCTH
MHOTOIPaHHHMKA, HA3bIBAIOTCS €r0 TPAHIMHU;
CTOPOHBI MHOTOYT'OJIbHUKOB — pEOpaMu; BEPIITHHbI
— BEpIIMHAMH MHOTOTPaHHHUKA!

ABC, DEF, ABED, BCFE, ACFD - rpanuy;

AB, BC, AC, DE, EF, DF, AD, BE, CF — péopa;

A B CDE F- BEPIIUHBI
mHororpanHnka ABCDEF.

Teopema diinepa 0ns MHO202PAHHUKOS:.

Ecmu V — YHCII0 BEPIITHH BBIITYKJIOTO
MHOTOTpaHHHMKa, R — wumncino ero pebep u G —

YHUCIIO TPAHEH, TO BEPHO PABEHCTBO:
V-R+G=2

Tlpusma

[Ipu3moii Ha3pIBa€TCS MHOTOTPAHHMK, COCTOSIIUN
U3 JIBYX IUIOCKUX MHOTOYIOJbHUKOB, KOTOpBIE
JeXaT B Ppa3HbIX IUIOCKOCTSIX M COBMELIAOTCS
napajjielIbHbIM TIEPEHOCOM, M BCEX OTPE3KOB,
COEUHSIONUX COOTBETCTBYIOIIME TOYKH ITHX
MHOT'OYTOJIbHUKOB. MHOTOYrOJIbHUKH, O KOTOPBIX
IIJJa peyb, HA3bIBAIOTCS OCHOBAHMSAMU IPHU3MBI, a
OTPE3KH, COEIUHSIOIINE MX COOTBETCTBYIOIIME
BEPIITUHBI — OOKOBBIMH pPEOPAMH TIPU3MBI.
OcHOBaHMs  OpU3MBl  paBHBl M JI&KaT B
HapajieNbHbIX MJI0CKOCTAX.
bokoBble péOpa npu3Mbl paBHbI U MapalIeIbHbI.
[ToBepXHOCTb MPHU3MBI COCTOUT U3 JBYX OCHOBaHUMH
1 OOKOBOH MOBEPXHOCTH.
bokoBasi moBepXHOCTh J1H000# MPU3MBI COCTOUT U3
napajjiesiorpaMMoOB, y KaXJO0r0 U3 KOTOPBIX JBE
CTOPOHBI SIBJISIFOTCS COOTBETCTBYIOIIMMHU
CTOPOHAaMM OCHOBAHHUH, a JIBE ApYTUe — COCETHUMHU
OOKOBBIMH pEOpamHu.
BoicoToif  mpu3mbl  HaspiBaeTcs 1000 W3
HEepIEHIUKYISAPOB, MPOBEAEHHBIX U3 TOYKH OJHOI'O
OCHOBAaHUS K IUIOCKOCTH JIpyroro OCHOBAHUS
IIPU3MBI.
IIpusma  Ha3bIBaeTcs n-yroJIbHOM,  ecnu €€
OCHOBAHUE — N-YTOJIbHUK.

ABCA1B1C1 — TpeyronpHas npusma;

AABC u AA1B1C1 — ocHOBanHus;

AA1, BBy, CCy — 6oxoBsie pébpa;

AA1B1B, AA1C:C, BB1C:C — OOKOBEIE

I'paHy;

A10 — BBICOTA IPU3MBI;

o — yrol HakjoHa OOKoBOro pebpa K
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OCHOBAHHIO ITPU3MBI.

B1

1

Al

e T

E1

B}

[Ipusma HaspiBaeTcss mnpsiMod, eciaum e€ pedpa
MEPIECHANKYIISIPHBL  TNIOCKOCTSIM ~ OCHOBaHuil. B

IIPOTUBHOM cirydae npusma Ha3bIBACTCS
HAaKJIOHHOM.

boxossie rpaHu IpsAMOM IIPU3MBI -
IIPSIMOYTOJIBHUKHU.

BokoBoe pebOpo mpsMoil MpU3MBI SBISIETCS €€
BBICOTOM.
bokoBasg NOBEPXHOCTH IIPSAMOM MNpPU3MBI paBHA
IIPOMU3BEJICHUIO TIEpUMETpPAa OCHOBAHHSI HA BBICOTY
IIPU3MBI:

S6= Pocu AA1.
[Ipsimast mpu3Ma Ha3bIBAE€TCS NIPABUIIBHOM, €CM €€
OCHOBaHUS SIBJISIFOTCS MIPaBUJIbHBIMU
MHOTOYTOJIbHUKaMH.

Ceuenus OPU3MBI IINIOCKOCTAMHU, MHapalJICIbHBIMU
OOKOBBIM pEOpaM,ABISIOTCS TMapaiesorpaMMaMH.

C‘IaCTHOCTI/I, mapajjiejorpaMmMaMl  ABJISAFOTCS
JplaroHajibHbIE CEYCHHS. 310 CEUYCHHUSI
JIOCKOCTAMH, NPOXOOAIIUMHA, YEPE3 JIBa OOKOBBIX
eOpa, He MPUHAJIeKALUX OJHON TPaHHU:

BB1D1D — nuaronanpHO€E cedyeHue.

Ecniu B mpou3BOJIBHOM  HAKJIOHHOW  MOpHU3ME
IPOBECTU CEUEHHUE, MEePHEHAUKYISIpHOE OOKOBBIM
pé€0paMm M mepecekaromee Bce OOKOBBIE pEOpa, H
IWIONIaab 3TOr0 CeueHUs O0003HaYuTh Si, a
nepumetp — P, Torna:

. U1 OOKOBOM MOBEPXHOCTU MPU3MBI BEPHO:
Se=Pi-AA1;
. Ui 00bEMa IPU3MBI BEPHO:
V=S J_'AA]_.
B npsimoii npusme:
SJ_: Socx—x;
P 1= Pocx—x'

B nro601i npu3mMe mioiiaib MoJTHOW MOBEPXHOCTH
CUMTAETCS KaK CyMMa IUIOMaan OOKOBOU
MOBEPXHOCTU U YABOCHHOH IUIOIIAIN OCHOBAHHUS:

Sn = SG + 2'8001-1-
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Iapannenenuneo

IIpusma, B  OCHOBaHMM  KOTOPOH  JIEKHUT
1apajuIeJIorpaMM, Ha3bIBACTCs NapaUICICIIUIIEIOM.
v napajuiesnenuneaa BCE IrPaHu —
[apajuIeJI0rpaMMBl.

I'panu mapamnenenunena, He HUMEKOIUE OOIUX
BEPILNH, HAa3bIBAIOTCS MPOTUBOJICKALUMH.

Y napamnenenunena INPOTHBOJEKAIIUE TPaHU
IIapaJuleIbHbl U PABHBI.

Jnaronanero rnapajuiesienurena, Kak u
MHOTI'OrpaHHUKa BOO6HIC, HAa3bIBACTCs
OTPE30K, COCTUHSIOIINN BEPIIHHBI

napasuliesienuIieia, He JISKAIlUe B OJJHOM €ro TPaHH.
Jvaronanu mnapaienenurena IMepeceKkarTcs B
OJHOM TOYKE W TOYKOW TIEPECEUEHHUs MIENATCA
MTOIIOJIaM.

Touka nepeceyeHus: nUaroHajaen Mnapaenenuena
SBJISIETCS €r0 LIEHTPOM CUMMETPHUH.

[IpsAMOYTONBHBIM TIApAIIIEICTTUIEAOM Ha3bIBACTCS
TaKOW TPSMOM TapajuiesienuIe]l, B OCHOBAaHUM
KOTOPOTO JICKHUT MPSIMOYTOJTLHUK.

Bce rpanm mpsaMOyroiapHOTO —IMapasuieNienuIena
SBJISIFOTCSI IPSAMOYTOJIbHUKAMHU.

_ JmuHbl pEOep MPsIMOYTOJILHOTO Tapalljiesienunea,
ﬂ' BBIXOSIIMX U3 OJHOW BEPILHMHBI, HA3BIBAIOTCS €0
M3MEPEHUSIMU WM JIMHEUHBIMU pa3MepaMHu.

———————————————_;

b _ Y  OpAMOyroapbHOTO — Hapajulelenunena  TpH
j S I U3MEpEHUsI.
o B mpsiMoyrosmpHOM —mapauienenunene  Kajpat

a1000W TUaroHald paBeH CyMME KBaJapaToB TPEX
€ro U3MEPEeHUM:

d?=a%+b? + c2.

“ B npsmMoyrosHOM MapaiielienuIeie BEpHO:
. JUTS TITOIIAM TTOJTHOM MTOBEPXHOCTH:
Sn = 2-(ab+bc+ac);
. st 00BéMa:
V = abc.
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st

B npsmoyronbHOM napasienenunesne, Kak MW BO BCSKOM MapajljiesienuIesne, €cTb IEHTP
CUMMETPUM — TOYKA IEPecedyeHUs €ro IuaroHaieid. Y Hero ectb TaKkKe TPH IUIOCKOCTH
CUMMETpPUH, TMPOXOJAIINE Yepe3 LIEHTP CUMMETPUU MapajlielbHO IapaMm MPOTUBOJIEKAIINX
rpaneil. Ha nepBoM pucyHke, npuBeIEHHOM BBIIIE, TOKa3aHa OJHA U3 TaKUX IUIOCcKOocTe. OHa
MIPOXOJIUT Yepe3 CepeNHbI YEThIPEX MapalljieNIbHbIX pedep napajienenunesaa.

Ecnu y mapannenenunena Bce JIMHEHHbIE pa3Mepbl pa3Hble, TO Y HETO HET OPYTruX IUIOCKOCTEH
CUMMETPUHU, KpOME TPEX Ha3BAaHHBIX.

Ecnu xe y napayuienenunena 1Ba JUHEHHBIX pa3Mepa paBHbI, TO €CTh OH SIBJIETCS MPaBUIbHON
YeThIPEXYTOJbHON MPU3MOM, TO Y HEro €cTh ellle JIBE MIOCKOCTH CUMMETPUU. DTO MIIOCKOCTH
JIMaroHaJNbHBIX CEYeHUM, TIOKa3aHHbIE HA BTOPOM PHUCYHKE.

[IpsMoyrobHBIN NapauieNenunes, y KOToporo Bce
TPU U3MEPEHUS PaBHbBI, HA3bIBAECTCA KyOOM.
Junaronanp Kyba B KBaJpaTHBIM KOpPEeHb U3 TPEX pa3
0O0JIbIIIE €T0 CTOPOHBI:

' d B ky0e BepHo:
. JUTS TITOIIAM TTOJTHOM MTOBEPXHOCTH:
Sp=6-a?, S;=2-0?
. st 00BéMa:

dE

'|:fT=|‘.13J V=——.
33

Yerplpe cedeHuss KyOa SBISAIOTCS HPaBUIbHBIMU
HIECTUYTOJIbHUKaMU (OAHO M3 HMX IIOKa3aHO Ha
PUCYHKE) — OTH CEUEHHUS IPOXOIAT Yepe3 LEHTP
Ky0a MepreHIMKYyIsIPHO YETBIPEM €ro TUaroHassIM.
VY ky6a 1eBsATh MIOCKOCTEH CUMMETPUU:

|
|
| . . TPH U3 HUX, IPOXOJIS YEPE3 CEPEIUHBI
: P YeThIpEX NMapajieNnbHbIX pedep Kyoa, 1aoT B
L CeUeHMsIX KBaJpaThl;

d . OCTaJIbHBIE IIECTh — 3TO BCE IJIOCKOCTU

S JMaroHaIbHBIX CEYeHUN Kyo0a.

58




Tupamuoa

IMupamunoi  (wanpumep, SABCDE) Ha3biBaetcs
MHOTOTPaHHUK, KOTOPBIM COCTOMT M3 ILIOCKOTO
MHOroyrojipHuka  (mstuyrosbiuk ABCDE)  —
OCHOBaHHUS NUpamMuAbl, TOYkU (S), He jexaiien
B IJIOCKOCTH OCHOBAHUS,— BEPIIMHBI MUPaMUJBl U
BCEX OTPE3KOB, COCTUHSIOUINX BEPIINHY MHUPAMUIbI
C TOYKaMU OCHOBAaHHUSI.
Otpesku  (SA, SB, SC, SD, SE), coemunstoniue
BEpIIMHY NHUPaMUJbl C BEPLUIMHAMH OCHOBAHUS,
Ha3bIBAIOTCsI OOKOBBIMH peOpamu.
[ToBepxHOCTh NHpaMUABI COCTOUT W3 OCHOBAHMUS
(matuyronibauk ABCDE) 1 OOKOBBIX  TpaHei.
Kaxxnas GoxoBasi rpanb — TpeyroiabHuk. OaHONU U3
€ro BEpUIMH SBJISETCS BEpIIMHA MUPAMHIbL, a
MPOTUBOJIEKAIEH CTOPOHOM — CTOPOHA OCHOBAHUSA
UPaMUJIbIL:
ASAB, ASBC, ASCD, ASDE, ASEA — OokoBbI€e
TpaHHU.
BokxoBOI MOBEPXHOCTHIO MMPAMHU/IbI HA3BIBAETCS
CyMMa Iuionaiel ee O0KOBBIX TpaHeil.
BeicoToit MIAPaMUBI (SO) Ha3bIBAETCSA
NEPIEeHIUKYISAp, TMPOBEAEHHBI W3  BEPLIUHBI
MUPAMUJIBI K TNIOCKOCTH OCHOBAHUSI.
[lupamuga  Ha3bIBaeTcs N-yrojbHOW, €cliu €€
OCHOBAaHUEM SIBJISIETCA N-YrOJbHUK. TpeyroibHas
MUpPaMHJIa Ha3bIBAETCS TAKXKE TETPAIIPOM.

o— yroma HaKJIOHA OOKOBOTO
pebpa SA nmupamMuabl K IUIOCKOCTH €€
OCHOBAHUS;

S — yron Hakiaona OokoBoii rpanu (SED)
UPAMHUIBI K TUIOCKOCTH €€ OCHOBAHHUSL.
OcHOBaHHE BBICOTHI MUPAMHUIBI SBISETCS IEHTPOM
OKPY)KHOCTH,  ONHCAHHOW  OKOJO  OCHOBaHHS
NMPaMHUIBI, TOTJAa MW TOJBKO TOIJA, KOTJA

BBITIOJIHACTCS OJTHO U3 YCIIOBHIA:

. Bce OOKOBBIE peOpa paBHBI;

. 00oKoBbIE pedpa 00pa3yoOT ¢ MIOCKOCTHIO
OCHOBAHHMS PaBHBIC YIJIbI;

. OoKOBbIE peOpa 00pa3yrOT paBHbIE YTIIbI C

BBICOTOM ImupaMHruabl.
OcHOBaHHE BBICOTHI nupaMuabl ABJIACTCA HCHTPOM
OKPY’XKHOCTH, BIIMCAHHOM B OCHOBAaHUE nupamMmu/bl,
TOTrAa W TOJIBKO TOrAd, KOrjaa BBIIMOJHACTCA OJHO U3

YCIIOBMIA:
. OOKOBBIE TPaHH HAKJIOHEHBI K IJIOCKOCTH
OCHOBAHUS I10J] OJHUM YIJIOM;
. BBICOTHI OOKOBBIX I'paHel paBHBI;
. O0KOBBIE TPaHU OOPA3yIOT paBHBIE YIIIbI C

BBICOTOM MMHPaMHU/IBL.
OO0BbéM mnMpamMuIIBl PaBEH TPETH MPOU3BEICHUS
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IUIONIA/I OCHOBAHUS Ha BBICOTY MMPAMUJbIL:
V = 1/3:Socih.
[Inomane NOTHON MOBEPXHOCTH JIIOOON MHPAMUJIBI
paBHa CymMMe IUIONa/ieii OOKOBOW MOBEPXHOCTH
OCHOBAHUS:
Su=Se+ Soca.
Ceuenusi nupamubl INIOCKOCTAMHM, MPOXOIALIUMHU
yepe3 ee  BEpIIMHY, IPEACTaBIAIOT  co0oii
TPEYroJpbHUKU. B wacTHOCTH, TpeyroibHUKaMu
ABJIIOTCS JIMArOHaJbHbIE CEUEHUS. IJTO CEUCHMS
IUIOCKOCTSIMH, MPOXOIAIUMHU qyepes JBa
HECOCEIHUX OOKOBBIX pedpa MUpPaMU/IBbL.

[TnmockocTe, KOTOpas TEpeceKaeT MHUPaMHAy U
napajuieibHa €€ OCHOBaHWIO, JCIUT €€ Ha JBe
YacTH:
nupamuay, nogooHyroo nannou (SA1B1Ci) u
MHOTOTPAHHUK, Ha3bIBAEMbII  YCEYECHHOM
nupamuoit (ABCA1B1Cy).
I'pamn  ycedyeHHOW mUpaMuAbl, JeKallue B
napayuienbHbeix  miockoctsax  (AABC u AA1B1Cy),
Ha3bIBAIOTCS OCHOBAHMSIMH, OCTaJbHBIC TpaHU
(AA1B1B, AA:C:C, BB1CiC)
Ha3bIBAIOTCSI OOKOBBIMU IPaHIMMU.
OCHOBaHHUSI YCEUEHHOW MNUPaMUbI MPEICTABIISIIOT
co0o0¥i mo00HBIE MHOTOYT'OJIBHUKH, OOKOBBIC TPaHU
— Tpamnenuu.
Beicota yceuenHoi mmpamuasl (O01) — aT0
paccTosiHUE MEX Iy IIIOCKOCTSMU €€ OCHOBaHUH.
Ecmm S1m S; — mmomamm  ocHoBaHWMK — yceUEHHOM
nupamuapl M h— e€ BbicoTa, TO I 00BEMA
YCEUEHHOU MUPaMHJIbI BEPHO:

V= %h{51+ J515,+5;).

[Tupamua (marmpumep, SABCD) HasbiBaeTcst
IPaBWIbHOM, €CIM €€ OCHOBaHUEM SIBISIETCA
npaBWIbHBIN MHOTOYTrOIbHUK (ABCD — kBazapar), a
OCHOBaHHE BBICOTHI COBIAAAET C LEHTPOM 3TOTO
MHOroyroipHuka (O — TIEHTp ONHCAaHHOH U
BIIMCAHHOM OKPYXHOCTEW OCHOBAHUA).
OcpI0 MpaBUIBLHOM MUPAMU/IBI HA3bIBACTCS MpsIMas,
CoJieprKallas €€ BBICOTY.
BoxoBbie pebpa mpaBUiIbHOM MUPaAMUIBI PABHBI.
BoxoBbie rpaHu MpaBUIBHOW MHPaMUIBl — PABHBIE
paBHOOEPEHHBIE TPEYTOJbHUKH.
BoicotTa 60k0BOIl TIpaHM NpPaBUILHON MHUPAMUIBI
(SL), mpoBeneHHas W3 €€ BEpPUIMHBI K CTOpPOHE
OCHOBaHUs1, Ha3bIBaeTCs arnoeMoi.
BokoBasi TMOBEpXHOCTh MPABWIBLHON MUPaMUJIBI
paBHA TPOM3BEICHHUIO MOIYNEPUMETpPa OCHOBAHHUS
Ha anodemy:

S6= YoPocu-SL.
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B1 C1

Yceuennas nupamuia
(marmpumep, ABCDA1B1C1D1), koTopas monyyaercs
U3 TpaBWIbHOM NHUPAMUJbL, TaKXKE Ha3bIBaeTCA
IIPaBUJILHOM.

OKOBBIE I'PAHM IIPABWJIBHOW YCEYEHHOUN NMUPAMU/IBI
AA1B1B, AA1C:C, DD:1C1C, AA;D1D) — paBHbie
paBHOOOKHE Tpamnenu; MX BBICOTHI HA3BIBAIOTCS
anogemamu.

_.-'I_____|___
- |
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A& D

Hpa@uﬂbele MHO202PpAHHUKU

Tetpasap Ky6 Okrasap

5 /
"
by &
A

Honexasp Hxocasap

BLIHYKJ'IHﬁ MHOT'OT'paHHUK HA3bIBACTCA IMPABUJIIBHBIM, €CJIN €0 T'PaHU ABJIAKOTCA IIPABUIIBHBIMU
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MHOT'OYIr'OJIbHUKaMu ¢ OJHUM H TCM K€ YHUCJIOM CTOPOH U B Ka)I(IIOfI BCPIINHEC MHOTOT'paHHHKA
CXOJUTCSL OJHO U TO K€ YUCIIO pedep.

CyiiecTByeT NATh TUIOB IPaBUJIBHBIX BBIMYKJIBIX MHOTOI'PDAHHUKOB: IPaBWJIBHBIM TETpasap,
KyO, OKTa3p, OJeKadAp, HKOCAIP.

Y IMPaBHUJIBHOI'O TCTpasJpa rpaH — MPaBHUJIbHLIC TPCYT'OJIbHUKH, B Ka)KHOfI BEPIIMHE CXOJUTCA
o Tpu pebpa. Terpasap mpencraBisier co00il TPEYroJbHYIO MUPAMUIY, Y KOTOPOW Bce pedpa
paBHEL.

VY ky6a (mpaBHIBHBIN reKkca’p) BCE TPaHU — KBAJPAThI; B KaXJI0H BEpIINHE CXOIUTCS MO TPU
pebpa. Ky0 nmpencraiisier co00il mpsAMOYroIbHBIN NapaijiesienuIe]l ¢ paBHBIMU pedpamu.

Y OKTad/[pa I'paHW — IMPAaBUJIBHBIC TPCYIrOJbHUKH, HO B OTJIMYHMC OT TCTpad[gpa B Ka)KHOﬁ €ro
BEPIINHE CXOUTCS TI0 YEThIpe pedpa.

Y A0JCKasApa I'paHU — IMPABHUIIBHBIC IMATUYT'OJIBHUKH. B Ka)K)IOI\/'I BCPIIMHE CXOOUTCA IO TpHU
pedpa.

Y HKOCad/pa rpaHi — MPAaBUJIbHBIC TPCYTrOJIbHHUKHW, HO B OTJIMYHC OT TCTpadJgpa U OKTadapa B
KaXJIOM BEPIIMHE CXOAUTCS 10 MATh pedep.

HEKDTDﬂb.‘E XapakKTepUCTHKE NpaBHABHBIX MHOMOrpaHHHKOB
= 1 - yMCAD CTOPOH ¥ KE¥A0H rparK | @ - AnkHa pelipa MHOrOMpaHHMKE
= 2 — UKCHO BEDLKH § — NA0WSAL NOAHOMN MOEEpXHOCTH
% 3 - uncno pébep V — ofbéM MHOMOrpaHHHRS
% 4 - yucno rpaHen R - paauyc onMcaHHON chepel
= 5 - uucno péBep Moy BEDIUMHE f — pEAKYC ENHC3HHON chepel
2
o
I 1 2 3 4 5 S V R T
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3amayu A1 CaMOCTOSITEILHOTO peleHHus
Ipusma. Iapannenenunen. Kyo6.

1. B mnpsamoyronsHom napamnenenunene ABCDA B,C,D, wussectHo, uto D,B= V26,
BB, =3, A D, =4. Haiizute juminy pebpa A B, .

2. B npsamoyroneHoM mapamnenenunene ABCDA B,C,D, wusBectao, uto AC, = 65,
BB, =5, B,C, =6. Haiiqure nimny pebpa D,C, .

3. B cocyx, umeromuii GopMy IpaBUILHOH TPeyronbHOH npu3mMbl, Hamum 1900 cm® Boss!
Y TIOTPY3WIH B BOAY AeTalb. [Ipu 3TOM ypoBEeHB BOJBI MOAHSICSA C OTMETKH 20 CM 10 OTMETKH 22
cM. Haiture 0668M neramu. OTBET BBIpa3uTe B CM .

4. B cocyn, uMmeromuil popMy IpaBUJIbHON TPEYroJbHOM MPU3MBbl, HAIUIU BOJY. Y POBEHb
BoJbl nocturaetr 4 cM. Ha kakoil BeicoTe OyAeT HaXOJUTHCS YPOBEHb BOJIbL, €CIHM €€ MEepeIuTh B
JPYTOM TaKo K€ COCY/l, Y KOTOPOTO CTOPOHA OCHOBAHUSA B 2 pa3a 00JbIIe, 4eM y IepBoro?

5. B cocya, umeromuii popmy npaBUILHON TPEYrOJIbHOM MPU3MBbI, HAIUIU BOJLY. Y POBEHb
BOJbI gocturaer 32 cMm. Ha kakoif BeicoTe Oy/eT HaXOIUThCS YPOBEHb BOJbI, €CIIH €€ MEePEeNnuTh B
JPYrou Takoi e cocyll, y KOTOpOro CTopoHa OCHOBaHMs B 4 pa3za 0oJiblIe, YEM Y IEPBOTO?

IIupamuna.

1.CTopoHa OCHOBAHHS MPABHIBHON TPEYTOIbHOM THPaMUIBI paBHA /2 , BHICOTA ITHPAMIBI

— /3. Haittu momazp nonxoit MOBEPXHOCTU U 00BEM MUPaMHU/IBI.

2. CropoHa OCHOBaHUS NPABUIBHON YETBIPEXYTOJIBHOW NMUPAMHU/IBI paBHA V2, GokoBoe
pedpo mupamMu bl HAKIIOHEHO K IJIOCKOCTH OCHOBaHUS 1o yriioM 45°. HaliTu momans moHon
MTOBEPXHOCTU U 00BEM MUPaAMUJIBI.

3.B 0CHOBaHUU NMPABWIHLHON YETHIPEXYTOIbHOM MUPAMUIBI JISKHUT KBAAPAT C TUATOHATIBIO,
paBHOU \/3 . BokoBbie pedpa nmupamMuIbl TAK)KE paBHBI /3. Haitu IJIOIIA/Ib TOJTHOM OBEPXHOCTH
1 00bEM MHPAMHUIBL.

4. Kaxxnoe u3 60KoBBIX pEOep mupamuabl paBHO 12cMm. OcHOBaHME TUPAMHUABI — TPEYTOJBHHUK
co ctopoHamu 7cM, 8cm 1 13cMm. Halitn 00bEM mupamMusl.

(Yka3anue: miomaab ocHoBaHus 1o opmyine 'epona S = \/ p(p—a)(p—b)(p-c), pamuyc
a-b-c

OTHMCAHHOM OKPYXHOCTHU R = ~7,5; BbIcoTa 1o Teopeme [Iudaropa u3 ASOC :

h=+/SC? -R? ~9,37; 00BEM Vv =%S~hz75,7)-

5.bokoBoe pedpo MpaBUIIBHOM MIECTUYTOIBLHON TUpaMHU bl PaBHO 4 u coctanisiet yron 30° ¢
BBICOTOM TNUpamuabel. Halith 00bEM NHpamMUIbL.

63



Tena Bpauenust

Lununop

Lununopuueckas nogepxHocms — IOBEPXHOCTb,
o0Opa3yemast IBUKEHUEM NPSAMOH (B KaXKJJOM CBOEM
10JIO’KEHUHU Ha3bIBaeMOi oOpa3yolieil) B0JIb
KpUBOH (Ha3bIBa€MOM HaIpaBIISIIOIIEH) TaK, YTO
npsiMasi IOCTOSIHHO OCTaETCs NapajieIbHON CBOEMY
HAYaJIbHOMY IOJIOKEHHUIO.

[Ipsimast AB — oOpasytomas;

kpuBasi AKNLA — nHanpasistromiasi.
Beckxoneunwiii yununop — T€510, OTpaHUYCHHOE
UWIAHAPUYECKON TOBEPXHOCTHIO.
Lununop — reoMeTpuuecKoe TeN0, OrpaHUUYEHHOE
IWIMHIPUYECKONM  TMOBEPXHOCTbIO M JIBYMs
NapajuleIbHBIMU  TUIOCKOCTSIMH, T€pECeKaIoUIUMU
e€.
YacTb MOBEPXHOCTH LMJIMHAPA, OrpaHUYEHHAs
HUIHHIPUYECKON MMOBEPXHOCTHIO,
HA3bIBAETCS] OOKOBOL NOBEPXHOCIBIO YUIUHODA.
Bvicomoui yununopa Ha3bIBa€TCs PACCTOSTHUE MEKITY
IIJIOCKOCTSIMU €r0 OCHOBAaHUM.
Hpyras 4dYacTb, OTpaHHuYEHHas MapaieIbHBIMU
IUIOCKOCTSIMU — 3TO OCHOBAHUS YUTUHOPA.

OTtpe3ok AB — oOpa3yromias;

¢burypst F1 u F2 — ocHOBaHUSI.

YV umnunapa:
. OCHOBAHUS PaBHBI;
. 00pa3yromue mapamuiebHbl U PaBHBL.

bokosass nosepxnocme BCIKOTO IWIMHApPA paBHA
MPOM3BEICHUIO  O0pa3yloIieli Ha  MEpUMETP
MEePIEHANKYISPHOTO CEUCHUS.

O06vém BCAKOTO LUJIUHIPA PaBEH IMPOU3BEICHHUIO
TJIOIIAIM OCHOBAHMS Ha BBICOTY:

V = SH.
Hununap, y KOTOPOTO OCHOBAaHUS
NEPIEeHIUKYISAPHBL  00pa3ylolluM H  SIBJISIFOTCS
Kpyramu, HA3bIBACTCS NPAMBIM Kpy208biM

yununopom(4acTo, u gajee, — MPoCTO YULUHOPOM).
[IpsiMoii KpyroBOW NMJIMHIP MOXHO IOJIYYHTh
BpalllEeHUEM NPSIMOYTOJIbHUKA BOKPYT OJHOW U3 €ro
CTOPOH.

( R_ C 0/1 - "y Paouycom yununopa HazpiBaeTcs  paguyc ero
\.L// OCHOBaHUS.

A Ocvio yuruHopa Hazvleaemcs npsmas, npoxooauas

yepez yeumpwvl e20 ocHoganui. Ocb yuruHOpa
napanienrbHa oopazyiouuMm.
Ocesbim ceuenuem yuruHOpa HA3bIBAETCS CEUEHUE
WIMHApPA MJI0CKOCThIO, TPOXOIAIIECH Yepe3 ero ocCh.
OceBbIM ceyeHHeM LWIHMHIpPA (IPSIMOro KPYroBOTO
UIMH]IPA) SBISETCS MPSIMOYTOJIbHUK.
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AO: — pangnyc nUIUHAPA;
AB, CD — o0pa3yromniue uimHIpa;
0102 — ock mIIMHPA;
AB, CD, O102— BBICOTHI IUITUHAPA;
ABCD - oceBoe ceueHHE IUITUH]IPA.
bokoBasi  MOBEPXHOCTH  MPSAMOTO  KPYrOBOTO

UIAH]IPA paBHa MIPOU3BEICHUIO JUTAHBI
OKPY)KHOCTH OCHOBAHUS Ha BBICOTY:

SGOK = 2nRH.
[TonHass MOBEPXHOCTh IWJIMHJIPA BBIYUCISICTCS I10
dbopmye:

St = Seox + 2Sock = 2TI:R(H + R)
Jlnst 06BbEMa IPSAMOTO KPYTOBOTO LMJIMH/PA BEPHO:
V =7R?H.

Komnyc

Konuueckori NOBEPXHOCNbIO HA3bIBACTCS
MOBEPXHOCTh, oOOpazyemas JBIKCHHEM TIPSIMOH,
MPOXOJISIICH BCE BpeMsl 4epe3 HEMOABIKHYIO TOUKY
BJIOJIb JAHHOW JIMHUM.
Ota JTUHUS Ha3bIBAETCS Hanpassouel,
JNBUTAIOMIASCS ~ TIpsMasi, B  KaXJIOM  CBOEM
MOJIOKEHUH, — 0Opaszyroujeli, a HETIOBIKHAS TOUYKa
— 8EPUIUHOL.
Konycom Ha3pIBaeTcs Te€J10, OrpaHUYEHHOE OJJHOM
MOJIOCTHIO KOHUYECKON MOBEPXHOCTH C 3aMKHYTOM
HaIpaBJISIONICH U TIIOCKOCTHIO, IEPECEKAIOLIEH BCE
00pazyromue 3TOM MOJOCTH B HE POXOIAIICH
yepe3 BEpLINHY.
Yacth 3TOM  IUIOCKOCTH, JIeKallas  BHYTPH
KOHHMYECKOW MOBEPXHOCTHU, HA3BIBACTCS OCHOBAHUEM
KOHYcCa.
Bvicoma konyca — 310 nepneHuKyIsp, OMyIICHHBIHI
13 BEPLIMHBI KOHYCA Ha IIJIOCKOCTh OCHOBAHMSL.
YacTh KOHMYECKOW MOBEPXHOCTH, PACIOJIOKECHHAS
MEXIy BEpPLIMHOM U IJIOCKOCTBIO OCHOBAHUA,
HA3BIBACTCS OOKOBOLL NOBEPXHOCHIBIO KOHYCA.

Kpupas ABCDA — Hanpagstonias;

npsimasi SA — oOpasyromias;

TOYKa S — BEpIINHA;

oTpe30k SO — BBICOTA;

¢urypa F — ocHOBaHue KOHYyca.

65




Konyc HaspIBaeTcs npsambvim Kpy2oevim, €CIU €ro
HaIpaBJIAOIIAsl — OKPYXHOCTb, a BEpILIHHA
OpPTOTrOHAJILHO NMPOEKTUPYETCS B €r0 LEHTP.
B osmeMeHTapHOM TEeOMETpUM NPSIMOW KPYrOBOM
KOHYC 4aCcTO Ha3bIBalOT IPOCTO KOHYCOM.
[IpssmMoli  KpyroBOol KOHYC MOXHO IIOJIy4UTb
BpalllEHUEM MPSIMOYTOJIBHOTO TPEYTrOJIbHUKA BOKPYT
OJIHOTO U3 ero kareroB. llpm sTOM BpaleHuu
Jpyro KaTeT OIUIIET OCHOBAaHUE KOHYyca, a
TUTIOTEHY3a — OOKOBYIO TOBEPXHOCTb.
Ocvlo  npsamoco  Kpy208020  KOH)CA HA3bIBAETCS
npsimasi, coiepkaliiasi ero BbICOTY.
Ceuenne KoHyca IJIOCKOCTHbIO, MPOXOJSAIIEH uepe3
ero BEPIINHY, MpeACTaBISET cobou
pPaBHOOEIPEHHBI  TPEYrOJbHUK, Y  KOTOPOIO
OOKOBBIE  CTOPOHBI  SIBIISIFOTCSL  OOpa3yrOUIUMU
KOHYca. B YaCTHOCTH, paBHOOEPEHHBIM
TPEYTOJILHUKOM SBIIIETCS 0Ocegoe ceueHue KOHYcCd.
OT0 ceueHue, KOTOpoe MPOXOAUT Yepe3 OCh KOHyca.
bokosass  noeepxmocmv  npamoco  Kpy208020
KOHyca paBHa TPOM3BEJIEHUIO TOJOBHHbBI JUTHHBI
OKPY>KHOCTH OCHOBaHHS Ha 00pa3yromyo:

SGOK = TERI
Ilonnaa  nogepxnocmv — NpAMO20  KPY206020

KOHYCa BBIYUCIIACTCS 10 (hopMmysie:
St = Séox + Socn= TER(I + R)

st 06bEMa IpsIMOTO KPYyroBOTO KOHYCa BEPHO:
V = (nR?H)/3.

ITnockocTts, mnapasuienpbHass OCHOBAaHUIO KOHyca U
IIEPECEKAoas KOHYC, OTCEKAET OT HEro MEHbIIUN
KOHYC, TOMOTETHYHBI JAHHOMY, IIPUYEM LEHTPOM
TOMOTETHH CIY>KMT BEpLIMHA KOHYCA.
YacTe KOHyca, OrpaHMYEHHasi €ro OCHOBAaHUEM U
CEKyILlEeH INIOCKOCTbIO, NapajuIeIbHOW OCHOBAHUIO,
Ha3bIBAETCS YCEUEHHBIM KOHYCOM.
Otpe3zoxk AB —  oOpasyromast  yc€4€HHOTO
KOHYCa;
otpe3ok O102 — BbICOTa YCEUEHHOTO KOHYCA;
otpe3ku AO1 u BO2— paauycel OCHOBaHHM.
i yced€HHOTro KOHyca BEPHO:
12=(R-r)? +H?
S6ox = TE(R + r)la
Su=mR?+r2+RI +rl);
V =rH(R? + Rr + r?)/3.
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Ulap, wacmu wapa

Lllapom Ha3bIBAaETCS TEJNO, KOTOPOE COCTOUT U3 BCEX
TOYEK MPOCTPAHCTBA, HAXOSIINXCS HA PACCTOSIHHU,
He Oojblle JAaHHOTO, OT JAaHHOW  TOYKH.
OTa TOYKa HA3bIBACTCS YeHmpom wiapa (Ha PUCYHKe
— 910 Touka O), a JAHHOE PacCCTOSIHUE (Ha PUCYHKE —
R) — paouycom wapa.

[Hap, Tak e Kak DUINHAP U KOHYC, SIBIICTCS TEIOM
BpameHus. OH TONy4daeTcss TMPU  BpaIICHUU
MOJIYKpYTa BOKPYT €ro AnaMeTpa Kak OCH.

I'panuna nrapa Ha3bIBACTCS WUAPOBOTL
nogepxHocmuio Wi cghepoti.  Takum  0Opazom,
TOYKaMH c(epsl SBISIOTCA BCE TOYKH IIapa,
KOTOpBIE yJaleHbl OT IIEHTpa Ha pPacCTOSHUE,
paBHOE paauycy. JIro0oit oTpe3ok (OA),
COCAMHSIOINK IEHTP IIapa C TOYKOW IIapOBOU
TIOBEPXHOCTH, TAKXKE HA3BIBACTCS PAOUYCOM.
OTpe30oK, COSAMHSIOMNA JIB€ TOYKH IIAPOBOU
MOBEPXHOCTH W TPOXOJSAIIUN dYepe3 IECHTp IMiapa,
HasbiBaeTcs ouamempom (BC).  Konmer  mroboro
TaMeTpa Ha3bIBAIOTCS OUAMEMPATbHO
NPOMUBONOLOHCHBIMU moukamu
wapa (touku B u C).

CedeHue 1apa mioCKOCThI0, MPOXOASAIIECH Yepe3 ero
IEHTpP, Ha3bIBaeTcs bonvuum kpyeom (purypa F), a
CeYCHHUE chepsr — bovuou
oxpysicnocmoio (muuus f Ha pucynke).

JIro6ast MI0CKOCTh, MPOXOAlIas yepe3 LEeHTp 1apa,
ABIIETCS €T0 TIOCKOCThIO cuMMeTpuu. LlenTp mapa
SBIIIETCS €r0 [ICHTPOM CUMMETPHUH.

[Tnomanp chepsl U 00bEM IIapa MOXKHO HAWTH IO
dbopmynam:

S = 471R%= D?;
V = (4nR%)/3 = (nD3)/6,
rae R — paguyc, D — nuametp cdeps! u mapa.

Illaposoii ceemenm — 3TO 4YacTh Iapa, KoTopas
OTCCKACTCA CeKymeﬁ IINIOCKOCTBIO.
CripaBesIuBHI clieayroue GopMyIbl:

r2=H(2R - H);

Seox = 2nRH = n(r? + H?);
Si = n(2RH + r?)= n(2r? + H?);
V = nH?(R — H/3) = nH(H? + 3r?)/6,

rae R — paanyc mapa, r — paguyc ocHoBanus u H —
BBICOTA IIapOBOT'0 CCIrMCHTA.

Llapoeoui cexmop — 3TO TEOMETPUYECKOE TEIO,
noJIydaronieecst Ipu BPAIIEHUH KPYTOBOIO CEKTOpa
OKOJIO OJTHOTO U3 €ro PaJuyCcoB.
Jis motomaaM MOBEpXHOCTH M 00bEMa IIapoBOTO
CEKTOpa BEpHbI (POPMYJIBL:

S=nR(2H +r);

V = (2nR?H)/3,
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rae R — paguyc mapa, r— paguyc u H— BbicoTa
LIAPOBOTO CErMEHTA, COAEPIKALIETOC B CEKTOPE.

Lllapoeoti cnou — 4acTh 11apa, KOTOpasi COAEPHKUTCS
MEXIy JABYMsS MapajUIeIbHBIMH  IUIOCKOCTSIMH,
NePECEeKAOIUMHU Iap.
Ocnosanus wapogozo crnos 9TO CEYCHHMS IIapa,
oOpa3oBaBiIrecs B pe3yibTaTe MEpeceueHus Iiapa
JBYMS TApAIJIETbHBIMU TIOCKOCTSIMH.
Bvicoma wiapo6o2o cnos 3T0  PACCTOSIHUE MEXIY
OCHOBAHHSIMH CIIOSL.

0102 — BBICOTA TIAPOBOTO CIIOS;

AO1 1 BO2 — pagnycel 0CHOBaHM IIapOBOTO

Ccllos;
OC — paauyc mapa.
Inomane OOKOBOI MMOBEPXHOCTH IapOBOTO

closl, cghepuieckoeo nosca, 3aBUCHT  TOJIBKO  OT
BBICOTHI CJIOSI M pajinyca Iapa:
SﬁoK = 2nRH.
O0BEM IapoOBOTO CIIOS:
V = nH(H? + 3r:? + 3r,%)/6,
rae rur, — paguycsl  ocHoBaHuid, H— BbIcOTa
IapOBOTO CIIOSI.

3agauu A9 cCaMOCTOSITEILHOTO pPelleHus!
1.ITnockocTh cedeHust mapasuienbHa ocu UuiauHapa. Pagmyc nunuuapa 10cm, BeicoTa 25¢M.
PaccTosiHre Mexy 0ChIO M IJIOCKOCTBIO 6 cM. HaliTu miomaas cedeHus.
2.I1mockocTh ceyeHusl mapaienbHa OCH IMJIMHPA U OTCEKAeT OT OKPYKHOCTH OCHOBAHUS JYT'y
120°. Beicota mumHApa paBHa ScM. Ilnomans cedeHus paBHA 30cm?. Haiinure paccTosiHue
MEXIY OChIO U MJIOCKOCTBIO.
3. OOpa3ymmas KoHyca paBHa 8§ cM, a Yroi npu BepmuHe oceBoro ceueHust 60°. Haiimure
IJIOLIa/Ib OCEBOTO CEYCHHUSI.
4.Bbicota muiuHapa 28 M, paauyc ocHoBaHuil 7 M. LlunuHap nepecedeH MmiIoCKOCThIO Tak, 4To B
CeueHUH NOoJy4miics kBaapar. Haliiure paccTossHue OT CeYeHUs JI0 OCH.

5.B yceuenHom konyce mposenero cedenne AABB,, tak uro yrmer AOB u AO,B, pasmbr

60°. Haiimure IIMHBI OCHOBAaHMH (UTYpHl, TOJYYEHHOW IIPH CEYEHUH, €CIU JHaMETp
OCHOBaHMUM KOHyca 8 cMm u 12 cm.

O0bemM npu3MbI U MWIHHAPA
1. (YcrHo.) OO6béMm kyba 8 M3. HailTu ero mnoOBEpXHOCTb.
2. Tpu natyHHBIX Ky0a ¢ pébpamu 3 cM, 4 cM U 5 cM neperaBiieHsl B oJuH Ky0. Kakyro umny
umeer pedpo 3toro Kyda?
3. 1) Merannunueckuii kyo umeer BHemiHee pedbpo a =10,2 cMm u Becut 514,15 r. Tonmuna
crenok M = 0,1 cm. Haiitu ynensHbIi Bec MeTasuia, U3 KOTOPOTo clieaH Kyo.
2) W3 10kr cBuHma otiuBaroT KyO0. Haiitm pebpo ky6a. (YaenbHbil Bec cBuHIa 11,4;
yrap BO BHUMaHHU€E He IPUHUMAETCSL. )
3) UyryHHbli nobIH KyO, Hapy»KHOE peOpo KoToporo 260 MM, UMEET TOJIIUHY CTEHOK B 30 MM.
Haiitu ero Bec (Y nenbHblil Bec uyryna 7,4.)
4. Onpenenuth 00bEM KyOa: 1) mo ero muaronanu |, 2) mo ero moBepxHocTH S.
5.1)Ecnn xaxpoe peOpo KyOa yBEeIMUYHMTbH Ha 2 CM, TO €ro 00bEM yBennuurTcs Ha 98 cm3.
Omnpenenuts pedpo.
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2) Ecim xaxnoe peOpo kyba yBenuuuTh Ha 1 M, TO 00bEM yBenmuuTcs B 125 pas.
Omnpenenuts pedpo.

3) IloBepxHocTh (B KB. €1.) M 00bEM Kyba (B KyO. €11.) BBIpOXKEHBI OJHUM 4uciioM. Halitu
pebpo kyba.

6. (Ycrno.) Kak oTHOCSTCS 00BEMBI IBYX KYOOB: JTAHHOTO U €r0 MOJEJH, YMEHBIICHHON B
Mactrra6e 1:2; 1:3; 1:4 u 1.1.; Boobte 1:n1?

IIpsiMoyroJIbHBIH NapaJjiejenumnesn.
1. Kupmuu (25cm x 12 cm x 6,5 cm) Becurt 3,51 kr. Haiitu ero ynenbHbIi Bec.
2. TpeOyercs ycTaHOBUTH pe3epByap It BOJbI EMKOCThIO B 10 M3 Ha turomaau pasmMepom 2,5
M X 1,75 M, cayxamei g Hero AHOM. HaiiTu BeICOTY pe3epByapa.
3. [IpssMOyTOIBHBIHN 30JI0TOM JIUCT UMEET pa3Mepsl 4,7 cMm X 6,2 cM U Becut 6,3 . Halitn
TommuHy Jucta. (Y aenpHbIi Bec 30510Ta 19,3.)
40. ImoT cxosoyeH u3 16 6aiok MPSAMOYTOJIBLHOTO CEUEHUSI, U3 KOTOPBIX KaKas UMeeT 3,6 M
mnbl, 0,20 M mmmpussl U 0,25 M TonmuHel. Kakoii Hanbonbuii rpy3 MOXKET OH MOJHSTh, HE
3atonyB? (Y nenbHbIN Bec nepesa pasel 0,84.)
5. Usmepenus mnpsmoyrosnbHOro Opyca: 3 cm, 4 cm u 5 cm. Ecnu yBenuuuth  kaxkaoe pedpo
Ha X CAaHTHMETPOB, TO TOBEPXHOCTh YBEeIHMUHUTCS Ha 54 cM?. Kak yBemmuuTcs ero 00b8m?

IIpsimoii mapaJiesienunesn.
1. B npsimom mapasienenurmeze CTopoHbl OCHOBaHuS a U b 06pasytot yroi B 30°; GokoBas
MOBEPXHOCTh paBHa S. OnpenenauTs ero 00bEM.
19. 1) OcHOBaHHEeM TIPSIMOTO MapaJUICNICIIUIIEIa CIYKHT MMapajuiesiorpaMM, Y KOTOPOTO OJHA U3
nuaroHainen paBHa 17 cM, a ctopoHsl paBHbl 9 cM 1 10 cm. TlosHast TOBEpXHOCTH ATOTO
napajienenumnena coaepxur 334 cM2. Onpenenuthb ero 00bEM.
2) B mpsimMom mapasuienenurieie CTopoHbl OCHOBaHUS paBHbI 13 am u 37 am, a Gosbias
JTaroHalib ocHoBaHUs paBHa 40 nM. bokoBoe pedpo OTHOCUTCS K OOJIBbIIIEH AraroHaIn
napajutenenumnena, kak 15:17. Onpeaenuts 00bEM 3TOTO MapauiesenuIe/a.
20. B npsiMoM napauienenuiieie CTOpOHbl OCHOBAHUS PaBHBI 2\2 eMuScemu 00pa3yroT yroi B
45°; MeHbIlIas IUaroHallb napauienaenuneaa papaa 7 cM. OnpeaenTb ero 00bEM.
3. B npsimom mapasienenumneae CTopoHbl OCHOBaHUS PaBHBI 8 ¢M U 15 ¢cM 1 00pa3yroT yroi B
60°; MmeHpIIasl qUAroHajb NapaJlJIeIeNUIea COCTABISAET C INIOCKOCThEO OCHOBAaHUS yroi B 30°.
Onpenenuts 00bEM ATOTO NapasuieIenunea.
4. 1) OcHoBaHHEM IPSIMOTO Napajuieenunena CIyKUT poMO, IUIOIIAas KOTOPOro paBHa 1
M2. [Tnomaan nuaroHanbHBIX ceueHnit 3 M2 u 6 M2. Haiitin 00bEM mapasuienenurena.
2) OcHOBaHHMEM MPSMOTO MapaieNenurea CIyKuT poMo, IIoMIaabs KOToporo paBHa Q;
IUIOLIAIA JUAroHaIbHbIX ceueHuid paBHbl M u N. Onpeaenuts 00bEM mapaiienenumnesa.
5. OcHoBaHMeM NapajuieJeNuIela CIYyKUT poMO; TUaroHaIbHbIE CEUCHUSI TEPHEeHINKYISIPHBI
K TUIOCKOCTH OCHOBaHHUs, W uiomaau ux cogepxkar 100 cm2 u 105 cM2, a jyiiHa UX JIUHUU
nepeceyenuss paBHa 10 cm. Ompenenutb 00BEM U OOKOBYIO OBEPXHOCTH 3TOTO
napajuiesenumesa.

IIpaBuabHas npusma

1. Ilo cropoHe ocHOBaHMA a 1 OOKOBOMY peOpy b onpenennTs 00bEM MPaBUIbHOMN NPU3MBL: 1)
TPEYrOJBHOM; 2) 4eTBIPEXYTONBbHOM; 3) IMIECTUYTOJILHOM.
2. JlepeBsiHHAS TUTUTKA B (JOpME MPABUIBLHOTO BOCBMHUYTOJILHUKA CO CTOPOHOM 3,2 CM U
tomuuHou B 0,7 cm Becut 17,3 r. HaliTu ynenbHbIN Bec AepeBa.
3.CKOJIBKO BECHT 3JKeNie3Has KOJIOHKA, HWMEIOIIasi BUJ MPaBUIBHOM JBEHAAATHYTOJILHOM
MIPU3MBI, CTOPOHA OCHOBaHUS KoTopoit a=12c¢m u BeicoTa h = 78 cm? (Y nenbHblii Bec 7,4.)
4. Yyrynnas TpyOa UMeeT KBaJpaTHOE CeYeHHE, e€ BHEIIHss IHpPUHA 25 CM, TOJIIINHA CTEHOK 3
cM. CKOJIBbKO BECHT HOTOHHBIN MeTp TpyObI?' (Y nenbHbIi Bec 7,3.)
5. 1) [lnaronanb npaBUJIbHON YETHIPEXYTOIbHON MPU3MBI paBHA 3,5 M, a [MaroHanb OOKOBOM
rpanu 2,5 M. Omnpenenutb 00bEM.
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2) InaroHaiib paBWJIbHOM YETHIPEXYTOIbHON IPU3MBI paBHa 6 cM, a O0KOBasi IOBEPXHOCTH 32
cMm2. Onpenenutb 00bEM.

IIpsimas npusma.
1. OcHoBaHueM npsMOM MPU3MBI CIIYKUT NPSIMOYTOJIbHBIM TPEYTOJIbHUK, KATETHl KOTOPOIO
OTHOCSTCS Kak 24:7; TUIIOTEHY3a OCHOBAHUS OTHOCHUTCS K BBICOTE MPU3MEIL, Kak 5:2; 60KoBast
MOBEPXHOCTh coepkuT 140 M2. Onpeaenuts 00bEM PU3MBI.
2. 1) B mpsiMoii TpeyrosibHOM IprU3Me CTOPOHBI OCHOBAaHUS paBHBI 4 ¢M, 5 ¢cM 1 7 cM, a O0KOBOE
pedpo paBHO OoibIeH BrICOTE OCHOBaHUA. OnpeneinTh 00BEM IPU3MBI.
2) BricoTa npsMoii TpeyroapHOM NpU3MEl paBHa 5 M, €8 006EM paBeH 24 M3, a ImIomanu
OOKOBBIX I'paHell OTHOCATCS Kak 17:17.: 16. OnpeaenuTs CTOPOHBI OCHOBAHHS.
3. TInoma b OCHOBAHMUS MPAMOi TPEYroIBHOH IIPH3MBI PaBHA 4 cM?, a TLIONIAIM GOKOBBIX
rpaneit 9 cm2, 10 cm2 u 17 em2. Onpenenutb 00bEM.
4. Xene3Ho0pokHas HACHIIb JaHa B pa3pese (uept. 28); pazMepsl yka3zaHbl B MeTpax. Hailtu,
CKOJIBKO KYOMUYECKHUX METPOB 3€MJIM MPUXOAUTCS HA 1 KM HACBIIH.
40. CkoJIbKO HaJ0 Ha3HAYUTH PabOYMX, YTOOBI OOJIBIIMMHU JIOTIATAMU OKOHUYHUTH B 6 Yac.
pBITbE KaHaBbl JUIMHOM B 25 M? Pa3mepbl (B MeTpax) MOINEPEYHOTO CEUEHUsI KaHABbI
ykazaHsl Ha uepTesxe 29. (BosbImoii  nomatoii BerkanbBaorT 0,75 M° B 4ac.)
5. OcHoBaHMeM MpsAMOi pu3Msbl ciayxuT Tpanenus ABCD, B koTopoii napaiisiesibHble CTOPOHBI
AD =39 cm u BC =22 cMm, a Henapamensabie AB =26 cm u CD = 25 cwm. [Inomane ceuenus
AA1CIC comepxut 400cm?. OnpenenuTs 00bEM 3TOH TIPH3MBL

HaxksnoHHblil mapaJuiesenunes.
1. OcHoBaHMEM HAKJIOHHOTO Napajuiesenuneia ciry>,kuT napamienorpamm ABCD, B kotopom
AB =3 oM, AD =7 am u BD = 6 aqm. JlnaronanbHoe ceyenue AA1C1C neprneHaAuKyIsipHO K
MJIOCKOCTH OCHOBaHMS ¥ paBHO | M2. OnpenenuTh 00bEM Mmapasuiesienure/ia.
2. 1) OcHoBaHMEM HAKJIOHHOTO MapaJlIeJICTIHIIeIa CIIYKUT KBaJApaT, CTOpOHA KOTOPOTO paBHa |
M. OntHO 13 OOKOBBIX pEOep 00pa3yeT ¢ Kax 0| NMpUIeKaIle CTOPOHOH OCHOBaHMS yroJ B 60°
1 paBHO 2 M. HaiiTn 00b€M mapasuienenuresa.
2) OcHOBaHMEM HAKJIOHHOTO TMapaJijIeNIeTIUIe1a CIY)KUT KBAJApaT, U OJHO U3 OOKOBBIX pEdep
oOpa3zyeT ¢ mpuiieKaluMU CTOPOHAMHU OCHOBaHUS paBHbIE OCTpbIe Yriibl. CTOpOHA OCHOBAHUS a;
60koBOE pedpo b; paccTosiHUE MEKYy COOTBETCTBEHHBIMU CTOPOHAMHU JIBYX OCHOBAHUII C.
Omnpenenuth 006EM napamienenunena (a=15; b=14; c=10).
3. I'panm mapamienenumena—paBHbIC POMOBI CO CTOPOHOM a U OCTPBIM yIiioM B 60°.
Onpenenutb 00bEM Napasuieenunea.
4. OcHOBaHMEM HAKJIOHHOTO TapajuleJenuIea CIIYKUT MPSIMOYTOJIbHUK CO CTOPOHAMU a U
b; 6okoBoe pebpo ¢ 0O6pasyer co cTopoHamMu ocHOBaHUS yriibl B 60°. Onpenenuts 00bEM
napajuienenumne1a, 60KOBYIO MOBEPXHOCTh U YTOJI HakiIoHa OOKOBOTO pedpa K IIOCKOCTH
OCHOBAaHHUSI.
5. OcHOBaHMEM HAKJIOHHOTO Mapajuienenunena ciaykut poMm6 ABCD co cTopoHOii a U 0CTpbIM
yriaom B 60°. Pe6po AA1 Takxke paBHO a u oOpa3zyer ¢ péopamu AB u AD yrusr B 45°.
Omnpenenuts 00bEM ATOTO NapasuIeTIeHUNe 1a.

HaxkJionnas npusma.
1. OcHOoBaHMEM NPU3MBI CITYKUT TPEYTOJIbHUK, Y KOTOPOrO OJHAa CTOPOHA paBHA 2 CM, a JIBE
apyrue 1no 8 cM ; 60koBoe pedpo paBHO 4 CM U COCTABIISET C INIOCKOCTHIO OCHOBAHUS YTOJI B
45°. Onpenenuts pedpo paBHOBEIMKOTO KyOa.
2. 1) OcHOBaHMEM IPU3MBI CITY’KUT TPEYTOJIbHUK CO CTOpoHaMHu 3 cM, 5 cM u 7 cM. bokoBoe
peOpo ATMHOM 8 CM COCTaBIISIET C MIOCKOCThIO OCHOBaHMA yroi B 60°. Onpenenuts 00bEM
IIPU3MBI.
2) B HaKJIOHHOH TPEYroybHO MpU3Me CTOPOHBI OCHOBAHUS PaBHBI 5 M, 6 M 1 9 M; 60KOBOE
pebpo paBHO 10 M U coCTaBISET C MIOCKOCTHIO OCHOBaHUS yroi B 45°. Onpenenuts 00bEM
IIPU3MBI.
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3. OcHOBaHMEM HPU3MBI CITY>KUT MPaBUIbHBINA TpeyrodbHUK ABC co cTopoHO#l  a; BepiinHa
Al mpoektupyercs B UEHTpP HIDKHETO OCHOBaHUs, U peOpo AA1 cocTaBiser co CTOpOHOM
OCHOBaHHUsA yroi B 45°. Onpenenuts 00bEM 1 OOKOBYIO TOBEPXHOCTD IIPU3MBI.

4. OcHOBaHMEM HAaKJIOHHEW MPU3MBbl CIIY’)KUT PaBHOCTOPOHHUM TPEYroJIbHUK CO CTOPOHOM a;
oJlHa U3 OOKOBBIX TPaHEl MEPIEHINKYIApHA K IUIOCKOCTH OCHOBAaHHUS M TPEACTAaBIAET
co0oif poM0O, y KOTOPOTO MEHBIIIas UaroHaab paBHa c. OnpenenuTb 00bEM TPU3MBL.

5. 1) bokoBble pé€Opa HaAKJIOHHEW TPEYroJIbHOM MPU3MBI PaBHBI 15 M, a pacCTOsHHE MEXIY
HuMu 26 M, 25 m u 17 m. Onpenenuts €€ 00bEM.

2) B naHHOI TpeyroJpHON MPU3ME PACCTOSHHS MEXy OOKOBBIMU pEOpaMH OTHOCSTCS Kak
9:10:17; 6oxoBoe pedbpo paBHO 1 M; OGOKOBast MOBEPXHOCTH paBHa 6 M2. OnpenenuTs 00BEM
9TON NPU3MBIL.

Huaunap.
1. 25w measoi nposoJsioku BecsaT 100,7 r. Haiitu auamerp npoBosioku. (Y AeIbHBIN Bec Meau
8,9.)
2. TloroHHBII MeTp MEHHKOBOTO KaHaTa auameTpoM B 36 MM Becut 0,96 kr. Haiitu ero
YAEIbHBIN BEC.
3. Croynbuk pTyTH B TepMOMeTpe utnHOM 15,6 cm Becut 5,2 1. (Y aenpHbIN Bec prytu 13,6.)
HaiiTi muomaas nomnepeyHoro ceyeHus CToi0uKa.
4. B MeH3ypke (LWIMHAPUYECKHUH COCYJ C IeIEHUSIMU HA KyOM4YeCKHEe CaHTUMETPHI)
paccTosiHue MEXy ABYMSI CMEXKHBIMU JeneHusaMu 1,8 cm. HaliTh BHyTpeHHUN TuaMeTp
MEH3YpPKH.
5. Hacoc, nonarommuii Bty B mapoBOi KOTEN, IMEET JIBa BOASHBIX IMIMHJIpA. PazMepbl
KaXJ0ro nuiuHapa: xoa nopumHsa 150 mm, quametp 80 mMm. OnpeenuTh 4acoBYIO
IIPOU3BOAUTEIIBHOCTh HACOCA, €CIIM U3BECTHO, YTO KaXAbI nopiieHs Aenaet 50 pabounx Xom0B
B | MunyTy.

O0beM NUpaMuIbl M KOHYCA
Ilpasunvnaa nupamuoa.

1. Tlo ctopoHe ocHOBaHHs @ ¥ O0KOBOMY peOpy b onpeaenuts 00bEM MPaBUIILHON MTUPAMHIBL:
1) TpeyroJibHOM; 2) 4eThIPEXYrOIBHOM; 3) mIeCTUYrOIBHOM.

2. (Y)B mpaBunpHON 4YeTHIpEXYroJbHOM MUpamMuae BbIcOTa 3 M, O0koBOE pedbpo 5 M. Haiitu

00BEM.

3. OO6bBEM MpaBUILHOHN MECTHYroabHON mupamuasl 6 cM°. CTopoHa ocHoBanus 1 cm. Haiitu

OOKOB pedpo.

4, 1) Anodema mpaBuIIbHOM TPEyroabHOM mupamuIbl paBHa K, a Beicota h. Haiiti 00bEM.

2) [Inomane OCHOBaHMSA MPABWIBHOW YeTBHIPEXYroJMbHOM mupamunsl S =12, GokoBas

MIOBEPXHOCTH
S;,. =24 . Onpenenuts 00BEM.
S. 1) (Y) DbBokoBele pébpa TpeyroJpHOW MHUpPaMUIbl B3aUMHO NEPIEHAUKYISPHBI,

Kaxa0e u3 HuX pasHO b. Haiit 00bEM mUpaMussl.
2) OmpenenuTh 00bEM MPaBWIBHON TPEYrOJbHOM MUPAMHJBI, Y KOTOPOH CTOpOHA
OCHOBaHUS paBHA &, a O0KOBBIE pEOpa B3aMMHO MEePIEHANKYISPHBI.

Henpasunvnaa nupamuoa.
1. OcHOBaHMEM NUPAMUIBI CIYKHUT NPSIMOYIOJIBHUK CO CTOpPOHaMH 9M U 12M; Kaxaoe u3
60K0BBIX pEOep paBHO 12,5 M. Haiit 00bEM nrpamMuIbI.
2. OcHOBaHMEM MUPAMUMABI CIYXKHUT MPSMOYTOJBHUK CO CTOpoHaMH 6 cM u 15 cMm, BbIcOTa
IPOXOJUT Yepe3 TOUYKY IMepeceueHus! TuaroHajeidl OCHOBAaHHUS, U OOKOBasl MOBEPXHOCTh PaBHA
126 cm?. OnpesietuTh 00BEM TOH MUPAMUIBL.
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3. OcHOBaHMEM MUPAMUABI CIY)KUT pPAaBHOOEAPEHHBIM TPEYroJbHHUK, y KOTOPOTO paBHBIC
CTOPOHBI TIO 6CM, a TPEeThsl CTOpoHa & cM. bokoBeie pE&Opa paBHBI MEXIy OO0 Mo 9 cMm.
Omnpenenutb 00BEM ITOM MUPAMHUIBL.

4. OcHOBaHMEM NHUPAMHUIBI CIYXHUT MPSMOYTOJIBHUK, Y KOTOPOTO YroJl MEXIY AUAarOHAISIMH
paBen 60°, a miomaap paBHa Q; 60KOBEIE pEOpa 00Pa3yIOT C IJIOCKOCTBEIO OCHOBAHHS YIJIBI B
45°. Onpenenutb 00bEM ITON TUPAMHU/IBL.

5. OcHoBaHMEM NUpaMUAbl CIY)KUT TPEYrojbHUK co cropoHamu 39 cMm, 17 cm u 28 cm;
O0okoBbie p€Opa paBHBI M0 22,9 cM. OnpenenuTs 00bEM 3TOM MUPAMUJIEL.

Konyc.
1. (V) Beicota konyca 3, obpasyromas 5. Haiitu 00bEM.
2. 122-vunnmumerpoBas OomOa Ma€t mpu B3phIBE BOPOHKY JWAMETPOM B 4 M W TIIyOMHOM
1,5 M. Kakoe kommdecTBo 3emin (TI0 Becy) BeIOpackiBaeT Ta 6om6a? 1 m° 3emmu Becut 1650
KT.
3. Kyda meOHs nMeeT KOHMIECKYI0 (GopMy, paJiiyc OCHOBaHHUS KOTOPO 2 M U oOpasyroras 3,5
M. CKOJIBKO HajI0 BO30B, YTOOBI MEpeBe3TH IIeOeHb, YI0KEHHBIH B IeCATH Takux Kkydax? 1 m3
mieOns Becut 3 T. Ha ogun Bo3 rpy3st 0,5 T.
4. Cror cena umeeT GopmMy IUIMHAPA C KOHUYECKHUM BepxoM. Panguyc ero ocHoBanus 2,5 M,
BbICOTA 4 M, TpPUYEM LUIMHIPUYECKAass 4YacTb CTOra BBICOTOM 2,2 M. YIENbHBIA BEC CEHa
0,03. Onpenenutk BeC cTOTA.
5. XKunkocth, HamuTas B KOHMUECKHi cocyna, umeronuii 0,18 m BeicoThl u 0,24 M B nuameTpe
OCHOBAHMS, TEPEIUBACTCA B NWJIMHAPUYECKUN COCYI, AuaMeTp ocHOBaHMsS KoToporo 0,10 m.
Kak BpIcOKO OyzieT CTOSITh YPOBEHB KUJIKOCTH B cOCye?

Konyc kak Tesio BpameHus.

1. PaBHOCTOpOHHUI TPEYTrOJIbHUK BpalllaeTcsi BOKPYr CBOEH CTOpPOHBI a. Haiitu
MOBEPXHOCTh U 00BEM TeJa BpallleHHUs.

2. OcHoBanmne TpeyrojbHHKa D , BbicoTa ero h. Haiith 00BbEM Tena, MOTY4EHHOTO MPHU
BpAIlIEHUH €r0 BOKPYT OCHOBAHMUSI.

3. [IpssMOYTOJIbHBIA TPEYroJbHUK C KaTeTaMH a W D Bpamaercs OKOJIO T'HIIOTEHY3BI.
Onpenenutb 00bEM U MOBEPXHOCTD MOIYUYEHHOTO Tea.

4, 1) Onpenenuth 00BEM U MOBEPXHOCTH TeJIa, 00pa3yeMOoro BpalleHHeM PaBHOOEAPEHHOTO

TpPEeYrojibHUKa BOKPYT OOKOBOM CTOPOHBI, eclii ocHOBaHue paBHO 30 cM, a O0KOBas CTOpOHA
25 cMm.

2) PaBHOOEIpEHHBIN TPEYTOJIBLHUK C YIJIOM IpH BepinuHe B 120° 1 O0KOBOH CTOPOHOM a
Bpalaercs BOKpyr 00KoBoi ctopoHbsl. OnpenenuTs 00bEM 1 MOBEPXHOCTh TEJa BPAILICHUSI.
5. 1) Tpeyronbuuk co ctoponamu B 10 cm, 17 cm u 21 cM Bpamaercss BOKpYyr OoJiblieit
cToponbl. OnpeaenuTs 00bEM U TOBEPXHOCTH NOTYYEHHOTO Tea.

2) Taxoii ke Bompoc Ais TpPEeyrojpbHUKa co cTopoHamu:.6 cM, 25 cM u 29 cwm,
BpAIllaéMOT0 BOKPYT MEHBIIEH CTOPOHBI.

72



Tema 8

IIpousBoaHas U €€ NpUMEHeHHe
KpaTkue TeopeTnueckue cBeleHU:
beckoneuno yoviearouwian ceomempuueckan npozpeccus.
I'eoMeTrpuueckoil mporpeccuell Ha3bIBAETCs YNCIIOBas MOCIEA0BATEIbHOCTD 3a/jaBacMasi IByMsI
napamerpamu b, g (q # 0) 1 3aKoHOM b= 'b, bp=bp-1- q n=23,.
Yucno Jua3biBaroT 3HaMeHaTeNeEM JaHHON FreoMeTPHYECKO IPOrpeccr.
e Ecmu q > 0 Bce 4eHBI reOMETPUIECKOH MPOTPECCHU UMEIOT OJIUH U TOT K€ 3HAK,
COBIIAJAFOIIUI CO 3HAKOM 4HCIa b.
e Ecmu q < 0 3HaKH 4JICHOB T€OMETPHUYECKON TIPOTPECCHH YEPEaYIOTCS.
e B cnyuae -1 < < 1 mporpeccuto Ha3pIBatOT OECKOHEYHO YOBIBAIOIIEH T€OMETPUUECKOM
MIPOTpECCUEH.
JIro60# 4JieH TeOMEeTPUUYECKON MPOrpeCCUU MOKET ObITh BBIYMCIIEH O (hopMyIie:
b" =b1 o qn-1:
dopmysia 3HaMEHATENS! TEOMETPUUYECKON TPOTrPECCUU:

g = AL
b?’!
®dopmyra cyMMBbI nN-TIEPBHIX WIEHOB T€OMETPUUYECKOH Mporpeccun
_b-(1-g")
(7 T >
Sgmritt,
rae, q # 1

beckoHeuHo yOBIBaroIasi reOMETpUYeCKas IPOTPECCHst — 3TO MPOrpeccHs, y KoTopoii |q| < 1.
Jlst He€ ompenensieTcsi IOHITHE CYMMBI WIEHOB OECKOHEYHO YOBIBAOIIEH reOMETPHUIECKOM
MIPOrPECCUU KaK YUCIO, K KOTOPOMY HEOTPAaHMYEHHO NMPUOIMKAETCA CyMMa TLHIEPBBIX YJICHOB
paccMaTpuBaeMoil mporpeccuy Mpu HeOrpaHMUYEHHOM BO3pACTaHUM YHciia 11,
dopmyrna cyMMBbI Y4IEHOB OECKOHEUHO YOBbIBAIOIIEH reOMETPUUYECKOM MPOrpPecCuu:

-

l1-g

rae, q # 1
[Tpumep 1.
3anana reomerpuueckas nporpeccus 2,6,18,... HaliTu necsaThlil 4ieH Iporpeccuu U cymmy eé
JIBEHA/ILIATH TIEPBBIX YICHOB.

2,6,18,.. by-? 8,7

2| o

I P (212 _
=3 Bhy=23%_39366 5, 2@ D 20D g4
- E g-—1 3-1
Omeem - by, = 39366 Sy = 531440

Ilpouseoonan pynkuuu.
IIpoussoonas ¢ynxyuu y = f(X) B Touke X, - 3TO Mpeesn OTHOLIEHHS TPUpaILeHUs

GbyHKIIMU Ay B 3TOHM TOYKE K COOTBETCTBYIOILIEMY MpHUpanieHuio aprymenTa AX mpu AX — 0.
T'eomempuuecku POU3BOTHAS IPEIICTABIISET YIIIOBOM KOA(PPHUIIMEHT KacaTeIbHOM K

rpaduky ¢pyukipu Y = f(x) B coorBercTByroieit Touke M (X,,Y,) t9a =Yy = f'(X,)
Duszuueckuil CMbICI NPOU3800HOL. Y' - 3TO CKOPOCTh u3MeHeHus GpyHkuu Yy = f(X)

OTHOCHTEJIbHO e€ aprymenTa X . [IpousBogHast Y’ XapakTepu3yeT ObICTPOTY U3MEHEHHS
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GbyHKIMH, T.€. CKOPOCTh pocTa. OTpunaTenbHas CKOPOCTh POCTa O3HAYACT Ma/ICHUE —
YMEHBIICHUE Y TIPH YBEJIWYEHUU X, T.€. CKOPOCTh YObIBaHHS (DYHKIIUU.

Tabauya npouz800HbIX.

1 (C)'=0, 10 (eX)!:ex
rae C — MOCTOSIHHOE YHCIIO
2 | (uxv)' =u"xVv 11 (sin x)" = cos x
3 | (uv)'=uv+Vv'u 12 (cos x)" = —sin x
4 ' , , 1
u) uv-vu 3 (tgx)’ = ];
v T v COS® X
5 cu) =cu’ 14
() (ctg) = -
sin © x
nyr _ n-1 1 i
6 | (") =nx > (arcsin x)':#
V1-x°
7 1 16 1
(Inx)' == (arccosx)' = ——=
X V1-x°
8 X\ _ A X 17
(@) =a*lna (arctgy)’ = 1 :
1+X
9 18
(log, x)' = ! (arcctgx)' =— 12
xIn a 1+ X

I'eomeTpuyeckmii CMBICJI IPOU3BOTHOI.
IIpoussoonas ¢ynxkyuu Y=I1Xl g mouxe *a PABHA MAH2EHCY Y2ld HAKIIOHA KACAMENbHOL,
nposedénHoli 8 mouxe 0wy yenosomy kosg@uyuenmy KacamenvHoil Kk 2papuxy Gynkyuu 6
smoii mouxe, ¥ 1Xo| =0 U=k (1]
Ypaeuenue kacamenvroti Kk Kpusou Y=F Xl ¢ mouxe %0 Yol ypyeem euo
V=Yoo=V |X—Xg] (2]
VYpasnenue nopmanu xk kpueot Y=I1X| g moure 0 Yol yrieem suo
=1y .

V=Yo=—|x—%|

.}'x“ |.3||

Pemenue 3anay

n
IIp um e p 1. Beruncnure yriaosbie Kod(QQHUIMEHTH! KacaTeabHbIX K apadone Y=X B
rouxax |1, 11,12, 4]
Pewenue. 3 reomeTpudeckoro cMpicia npou3BoaHo# (Gopmyna 1) yriaooi kodhbuueHT
k=Y | x|

KacaTelabHOU

Haiiném npousBoHyto GyHKIUY: v=2x,

1. Haiigém 3HaueHHEe MPOU3BOTHON B TOUKE %=1
yll=2-1=2 . ClleioBaTembHO, k=2
2. Haiiném 3HaueHHe MPOU3BOIHOM B TOUKE %=2

yI1=2-2=4 Cpeponarensho, k=4
!_4x—f
IIpumep 2. Y napabomsl 4 npoBereHs! KacaTeIbHBIC B

TOYKax l-DJ DJJ l-zi J'-l' Haitnure YI'JIbI HAKJIOHA KaCAaTCJIbHBIX K OCU Ox.
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Pewenue. Tlo popmyme (1) & | X% |=tge.

\ ;u-":[%ljd x—f]l :%[4—2;{]: 1—%;{

Haiiném V . \
T }-'[U]:l—i- 0=1
1. BebluncnuM 3HaYeHHE IPOU3BOIHON B TOUKE 0, 0] 2
CrnenoatenpHo, 0 0=1y a=45°
Her_g L
e ¥I2=l==2=0
2. Ananorudso B touxe 25 1/ 2

_ —M o
Crnenosatenpro, G 4=0 a=0°.

ITp umep 3. B xaxoil Touke KacatesnbHas k kpueoit Y =11X gaxnonena k ocu Ox

o

O YIOM 4

Pewenue. Tlo dopmyrne (1) ¥ | X |=tga.
;u-":[ln;kr]':i tga=tg ==1 1 B

X . CnemoBarenmpHo, *  u~— L
TMoxcrasus X=1g Gynxmio V= Inx MOJY4UM y=Inl=0 [Monyuunnu Touky 11,01,
ITp umep 4. CoCTaBUTb YpaBHEHHE KacaTeIbHOM H HOPMaH Kk mapabone V=X —3X—1p
touke |3 4.

Pewenue. YpaBHEHNE KacaTeIbHOMN K KPUBOH nMeet Bux -  ~ 0~ %, X=X |

W3 yenosns sanaan 0= 3 Yo=4 Haiiném npouseommyio V' .
y=l¥-3x-1]=2x-3. y[x|=y3}=23-3=3
[To/cTaBUB BCE 3HAYCHUS B yPABHCHHE 2]
V=4=3[x=3| gy ¥y=3x-5

' IOJIyYUM YpaBHEHUE KacaTelIbHON

CocraBuM ypaBHEHHE HOPMAaJIH, BOCIIOIL30BaBIINCH (POPMYIION 3] :
-1 | -1
y—d=—|x—-3| V==x+5
3 1507051 3
Hccnedosanue pynkuyuu u nocmpoenue paguxa.

y=7F(x)
y=r(z) ¥ TIOCTPOEHHMS ee TpaduKa TaKOB:

[
1. Haxoaum o6aacts onpenenenus (D(f)) dyrkipu y=f(z) :

2. Ecin oOnacte OIIPCACIICHUSA (1)YHKI_II/II/I CUMMCTPpUYIHA OTHOCUTCIIBHO HYJIA (TO C€CTb IJIA

Anroputm uccienoBaHus GyHKINUU

mo6oro 3nadenus * u3 D(f) 3Hauenne ~ Takke NPUHAIIEKUT 00IACTH ONPEIEIEHHS, TO

npoBepsieM (QYHKIIHIO Ha YETHOCTb.

fl-z|=Fflz| 3

Ecm ' / V1, 1o pynkums yetHas. (IIpumepoM yeTHON QyHKIMH SABIIseTCS QyHKIMS
o

y=z )

BaxHo, uTo rpaduk 4eTHOH (GYHKIIUN CHMMETpUYeH OTHOCUTENbHO ocu OY.

fl-z|=-flz|

Ecmu !, To ¢pyHkuus HedeTHas. (IIpumepom HedeTHON (YHKIIUH SIBJISIETCS

dynxums ¥ )

I'paduk HeueTHOM (HYHKIIMM CUMMETPHYEH OTHOCUTENFHO Hayaia KOOP/MHAT.

Ecnu pyHKIMS SBASETCS Y€THOM WM HEYETHOM, TO MBI MOKEM MTOCTPOUTH YacTh ee Trpaduka
T "}
s L , @3aTeM COOTBETCTBYIOIINM 00pa30M OTPa3UTh €e.
3. Haxoaum Touku nepecedeHus rpaduka ¢ OCsIMH KOOPIUHAT.

75


https://ege-ok.ru/2012/01/13/oblast-dopustimyih-znacheniy/

y=f(z|
Haxonum Hynmu GyHKINU - 3TO TOYKHU MepecedeHus rpaduka QyHKIHIH ./ c ocelo
abcrucce (0X).

(1=
JLJIst 5TOro MBI PELIaeM ypaBHEHHUE flz) .

KOpHI/I 9TOI'0 YPaBHCHUS ABJIAIOTCA G6CMMCCGMM moYeK nepecedernus 2paqbul<a d)yHKI/;uu C OCbiO
(0).6

y=f[{x)
Haxonuwm Touky nepeceueHus rpaduka QyHKIIIN y=Ff(z) ¢ ocwto opaunar (OY). s sToro
uieM 3HaueHue QpyHKn mpu L = U |

4. Haxo1uM IpOMEXYTKH 3HAKOTIOCTOSIHCTBA (DYHKIIMU, TO €CTh IPOMEKYTKH, Ha KOTOPBIX

frmd (- . .'|
GbyHKIMSA y=F{(a ! COXpaHsIeT 3HaK.

. =8
UToOB! HAWUTH MPOMEKYTKH 3HAKOTIOCTOSIHCTBA (DYHKIIMU y=/I

(=0 flx)<0

HEpaBEHCTBA f \ ) " f | )< .
5. Haxonum acuMntoTsl rpaduka (yHKIUH.
6. Ecmu pyHKIMS eproanyeckas, TO HaX0UM TIepHO (PYHKIIHH.
7. UccnenyeM (pyHKIHIO ¢ TOMOUIBIO IPOU3BOAHOM: HAX0UM NMPOMEKYTKH BO3pAaCTaHUS U
yObIBaHUS (PYHKIIMH, a TAK)KE€ TOUKA MAaKCUMyMa U MUHUMYyMa.
J1J1s 3TOTO MBI ClleZlyeM IPUBBIYHOMY aJITOPUTMY.
flr)

)

a) Haxomum mpousBogHyto !

I

L—

, HAM HY)>XHO PCIINTDH

f(z)=0

0) [IpupaBHHBaEeM MPOM3BOHYIO K HYIIIO M HAXOJIUM KOPHHU YpaBHEHUs ' ! - 3TO

CTallMOHAPHBIE TOYKH.

B) Haxoanm nmpomexyTKH 3HaKOTIOCTOSIHCTBA MTPOU3BOAHON. [IpoMeXyTKH, HA KOTOPBIX

MIPOM3BO/IHAS TIOJIOKUTENbHA, BIISIOTCS TPOMEKYTKaMU BO3pacTaHUs PYHKIUH.

[IpomexyTkH, Ha KOTOPBIX MPOU3BOAHASI OTPULIATENIbHA, SBJISIOTCS MPOMEXKYTKaMU yObIBaHUS

byHKINH.

Touku, B KOTOPBIX MPOU3BOIHAS MEHSET 3HAK C TUIIOCA HA MUHYC, SIBJISIFOTCSI TOUKaAMU

MaKCUMyMa.

Touku, B KOTOPBIX MPOU3BOIHAS MEHSET 3HAK C MUHYCA Ha ILIIOC, SIBJISIOTCS TOYKAMU

MUHHUMYyMa.

8. U mocneaHuii MyHKT - TOUKH MEPETUObl U IPOMEKYTKH BBIITYKIOCTH U BOTHYTOCTH.
Ilpumenenue npou3gooHoil 014 pewienua 3a0ay.

Haxosxenne HanOoIbIIIero 1 HAMMEHBIIIETO 3HaYeHUH MOHOTOHHOM (GyHKIMU f(X) Ha oTpe3ke

(a;B) mocturaeTcst Ha KOHIaX oTpe3ka. Eciu xke 3anannas QyHKIUS HE SBISIETCS MOHOTOHHOM,

HO M3BECTHO, YTO OHA SIBJISIETCS HEMIPEPBIBHOM, TO JUI HAX0XACHUS HAUOOJBIIETO U

HAaUMEHBIIIETO 3HaUeHUH (QYHKIIUU HA OTPE3Ke MPUMEHSIETCS MPaBUIIO:

1. Haiitu kpuTHUecKrue TOYKU (PYHKITHH.

2. Haiitu 3HaueHus: GyHKIMH B KPUTUYECKUX TOUKAX, MPUHAIIEKAIINUX OTPE3KY, U Ha
KOHIIax oTpe3ka. Hanbosbliee 1 HauMeHblllee 3HAYSHHs U3 ITUX Yucel U OyayT
COOTBETCTBEHHO HAMOOJBIIUM U HANMEHBIIIUM 3HAYCHUAMHU (PYHKIIUH Ha OTPE3KE.

3 sTama MaTeMaTu4ecKoro MOAECTUPOBaHNUS, IPUMEHSIEMBbIE MIPU PEIICHUN 3a1a4:

e 1 stanm. CocraBieHre MaTeMaTHYECKON MOJIEIH.

e 2 rtam. PabGoTa ¢ cocTaBiIeHHON MOJIENBIO.

e 3 srtan. OTBET Ha BONPOC 337Ja4H.

Huddepenuyuan gynkuyuu.
Huppepenyuan ynxyuu y = f(X) 6 mouxe X, - 3T0 riaaBHas 4aCTh NPHUPAILECHUST

(byHKIMHY, THHEWHass OTHOCUTEIBHO MpuparieHus aprymenTa AX. O6o3Hadaercs dy = y'AX.
JubdepeHnnan He3aBUCUMOI TIEPEMEHHO# X paBeH e€ mpupatieHuio: dX = AX.
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Huddepenunan ¢yukiun dy = y'Ax wim dy = f'(X,)dX paBen e€ mponsBoHOM,
YMHO>KEHHOU Ha qudQepeHnnan apryMeHTa.
Huddepenunan ¢pyHkuuu dy uMeeT reOMETPHUUECKUI CMBICI: 3TO MPUpPALICHHE

Op/AMHATHI KacaTeNIbHOM K rpaduKy QyHKIHU B TOUKE X, .

Lpumep.

Haittn muddeperuman Gpyakmun Y =3X + X* B Touke X=2.

Pewenue: dy = y'dx.

Berarcnum npousBoaayto ¢pyakuu: Y =3+ 2x. Torma y'(2) =3+ 2-2=7. 3naqur, dy = 7dX.
Ortser: dy,_, =7dX.

Ipumep.
Haiitn muddepenmuan pyakmun y = X° — 3%,

Pewenue:  dy = y'dx = (x3 —3*) dx = (3x2 -3 3)dx.
Ortser: dy,_, =7dX.

Hpubnuscénnvie goruucienun ¢ nomouivio dudhdepenuuana.
OcHoBaHbl Ha MPUOIMKEHHON 3aMeHe MpupalleHust GyHKIUU Ay B IaHHOM TOUKe Ha eé
muddepeniman dy .
ITpu AX — 0 aGconroTHAsE MOTPEITHOCTh OT TAKOW 3aMEHBI SIBJISICTCS OECKOHEYHO MaJlon
0oJiee BEICOKOTO TIPSAKA TI0 CPAaBHEHHIO C AX !
Ay = f (X, +AX) — f(X)
dy = f'(x,)dx
OObenuHsis 3TH ABE (OPMYIIBI, TTOJTYIUM:
f(x, +Ax) = f(x,)+dy
f(X, +AX) = F(X,) + F'(X,)AX.
310 ocHOBHas (popMysa B IPUOIHKEHHBIX BEIYUCICHUSX.

3ajanus 1J151 CAaMOCTOSATEILHOM padoThI:
Haiimute npousBoaHyo (QyHKIHH

1.y = x3 + cos 3x. 2.y =2*+cosx. 3.y=tgx+x

4. y=4*—2cosx. 5.y =3 -3x". 6. y=(3x-2)°,

7. y=e"+x%. 8. y=57%-3tg2x. 9. y=sin4x—x".
10. y=(4x-5)-cosXx. 11. y =sin(4x—5) —x*. 12. y = (3x+2) - ctgx.

Haiigute npousBoaHy0 QyHKIMU B 33JaHHOM TOUKe

_ayh _9y2 4y 3
1. f(x)=3x"—-2x"+x—1 B Touke X, =1. 2 y(x):%/? B Touke X, =8.
3. f(X)=%X4—%X2—2 B Touke X, =1. 4. y(x) =2—-In5x B TOUKE X, =%.

5. y(x)=x’ 1 b rouxe X, =2 6. y(x) = In(x—3) B TOuKE X, =2
X

7. f(X)=(10x—4)® B TOuKe X, = % 8. y(x) =3xIn 4x B Touke X, = % .

9. y(x) =In(5-2x) B Touke X, =2. 10. f(x) =In(5x* +3x—7) B TouKe X, =1.
2X 1

11. y(x) = eX B TOUKE X, = 1 . 12. f(X) =x° —EXZ —2 B TOUKE Xy = -1.
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BpinosHUTE AENCTBUSA:
1. IlpeacraBbre yncio 52 B BUJIE CyMMBI TPEX MOJIOKUTEIbHBIX YUCEI TaK, YTOOBI CyMMa
KBaJ[paTOB BCEX ClIaraeéMbIX ObLIa HAMMEHBIIIEH, a OTHOIIIEHHE IIEPBOTO YHCIIA KO BTOPOMY OBLIO
paBHO 1:3.
2. Yucno 42 npenctaBbTe B BUAE CYMMbI TPEX MOJIOKUTENIBHBIX CllaraéMbIX Tak. YToObI
OTHOIIIEHHE TIEPBOTO YHCIIa KO BTOPOMY OBLIO paBHO 3:4, a MPOM3BEACHUE BCEX TPEX YUCET
OBLITIO HAMOOJIBIIINM.
3. [IpousBeneHne Tpex MOCIe0BaTEIbHBIX YWIEHOB T€OMETPUUECKON ITPOrPECCUU C
OTpULIATENIbHBIM 3HaMeHarteseM paBHO 343. Haiinute HanOOJIBIIYIO CyMMY 3THX TPEX UJIEHOB
Cpely BceX mporpeccuii, o0iajaronmx yKa3aHHbIMH CBOMCTBaMHU.
4. Ydactok B (popMe IpsIMOYToJIbHUKA TUIOMIa 60 800 OTOPOIKEH € TPEeX CTOPOH 3a00pOM.
HaiinmuTe HanMeHblIyIo JUIMHY 3a00pa.
5. [lepumeTp mapatenorpamma ¢ octpbiM yriioMm 30° paBen 4. HaliTi MakcHMaIbHO BO3MOKHOE
3HaYeHHE IUIOLIAAN Mapajiesiorpamma.
6. B mupamune SABC pebpa SA u BC o6pasyror yron 60°, SA=4, BC=63. Haiimure
HaWMEHBIIYIO TJIOMIA/Ib CEUYEHUS MMUPAMUIBI INTIOCKOCTHIO0, TapayuienbHoit SA u BC.
7. OnpenenuTe HAMMEHBIIYI0 CYMMapHYIO JUIMHY BceX pedep MpsMOyroJIbHOTO
napajieenuIen1a, mojHasi IOBEPXHOCTh KOTOPOTo paBHa 600 cM2, eciiu OCHOBaHHE €ro
SIBJISIETCS KBAJIPaTOM.
8. Jlana mpsimoyrombHast cucrema koopauaatr XOY. Kakyro HaWMEHBITYIO TUIOIIA b MOYKET
HMMETh MPSIMOYTOJIbHBIN TPEYrOJbHUK, HAa TUIIOTEHY3€ KOTOpOro jJekuT Touka M (0;1), a kateTbl
JIeXaT Ha OpsIMBIX X =-2muy=07?
9. llpsamas y = 3X+2 sBisieTcst KacaTeabHOU K rpaduKy GyHKIIUNA
y = —12x%+bx—10. Haitaure b, yanTsIBas, uto abcmpcca TOUKH KaCaHHS MEHBIIE HYJIA.
10. IIpsimast y=—3x+4 napaenpHa KacaTeabHOH K rpaduKky GyHKIIUNA
y= —x%+5x—7. Haiimure a0CIMCCy TOYKU KacaHMsI.
11. Ha pucynke uzob6pakens! rpaduk ¢pyakiun Y=f(X) u kacarenbHas K HEMY B TOUKE
¢ abcuuccoit Xo. Haiiaure 3Hadenue npousBoanoi Gpyukuuu f(X) B Touke Xo.

Ya
y=5x)
e\ / --\,_ _/
E T
ARROE

12. Ha pucynke uzo0paxén rpaduk dpyukiuu y = f(X), onpenenéunoit Ha untepaie (—2;8).
Omnpenenure KOJIMYECTBO TOUEK, B KOTOPHIX KacaTenbHas K rpaduky GpyHKIMK napajuienbHa
npsiMoit y = 6.

i

~
/ ' y=rix

L ]'_

=

I

o+
=

S0+ 3
) |
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Tema 9. UHTerpaj u ero npumMeHeHue
Kpatkue TeopeTnueckue cBeieHUS.
Ilepsoobpasnas. Ilpasuna naxodcoenus nepsooopasHbix.

W3BecTHO, YTO KaKIOMY MAaT€MaTH4YECKOMY JIEHCTBHUIO COOTBETCTBYET OOpaTHOE €My
neiicteue. [nsg nuddepeHunpoBaHUs CYIIECTBYET OOpaTHOE JEHCTBUE — HHTEIPUPOBAHUE:
HaxoXJAeHWe QYHKIHH (BOCCTAHOBJICHWE (YHKIMM) IO 3aJaHHOW €€ MPOW3BOJHOW WIIH
maddepennnany. DyHKIUIO, BOCCTAHABIMBAEMYIO 110 33JaHHOW €€ MPOU3BOJHOW WU
maddepennnany, Ha3pIBaIOT IEPBOOOPA3HOM.

Onpeoenenue.

Jugppepenyupyeman ¢ynkyus F(x) Hazvieaemcs nepsoobpasnou onsi ymkyuu  f(x) Ha
3A0AHHOM NpomedcymKe, eciu Oisl 6CeX X U3 2MO020 NPOMENCYMKA CNpasediueo paseHCmso
F')=f(x).

[Tpumep.

1) (x3)'=3x2

3uaunt, pyukiwmsa F(x)=x*> — nepBoodpazuas aas GpyHkiuu f(X)= 3x2.

2) (sin2x)'=2cos2x.

3HauuT, nepBoooOpazuoit s pynkuuu f(X)=2C0s2x siBisiercs pynkuus F(X)=sin2x.
HuddepenunpoBanre ¢GYHKIUM — OJHO3HAYHAas omepauus, T. €. eciad (YHKIUS HMeeT
MPOM3BOJIHYI0, TO TOJNbKO oAHYy! WHTerpupoBaHume, Kak M BCsAKOe 0OpaTHOE JEWCTBUE,
HeogHo3HauHo! CwmoTpure camu: B mepBoM mpumepe o¢yHkmus — F(X)=x 3 sBisiacek
nepBooOpasuoit mis pyakuuu f(X)=3x2 moromy uto F'(x)=(x3)' = 3x*=f(x).

Ho Bemp u  (x*+4)'=3x% 3naunt u pynkius F(X)=x3+4 Oyner nmepBooOpa3zHOW i QyHKIUH
f(X)=3x?, ma u mobas apyras ¢yukuus Buga F(x)=x’+C OyaeT CIyKHUTh MEPBOOOPA3HON IS
f(X)=3x?, Tak kak F'(x)=(x’+C)'=3x>=f(x).

Ecau F(x) asenaemca nepeoodpasnoii gpynkuyuu f(x) Ha HeKOmopom npomeixcymke, mo
MHOJMCECMBO 6cex nepeoodpaznvix moiu ynkuyuu umeem euo F(x)+C, 20e C - nwoboe
OelicmeumenvHoe Yucio.

Coeoxkynnocmo ecex nepsooopazuvix F(x)+C ¢ynuxkyuu f(x) na paccmampusaemom
npoMmeNscymKe HaA3bl6AeMCA HEONPeOeneHHbIM UHMeZPAnomM U 0003HAUAEMCA CUMBONOM
ff(x)dx, 20e f(x) - noovinmezpanvhaa @yukyusa, f(x)dx — noovinmezpanvnoe eviparxcenue, X
- nepemMeHHan UHMeZPUPOBaAHUAL.

Heonpedenénnulii unmezpan.
Heonpenenénnplii uaterpan ¢pyHkuu Yy = f(X)- 3T0 COBOKYITHOCTh BCEX

nepBooOpaszubix Gyakuit F(x) + C mnsg dpynkuuu f (x) . O60o3Ha4aeTcss CHUMBOJIOM
I f(x)dx=F(x)+C, rme J - 3HaK uHTerpana, f(X)- moapiHTErpaNbHas QyHKIUS,
f (X)dx - moabIHTErpasibHOE BBIpaXKeHue, C — MOCTOSIHHAS UHTETPUPOBAHUS, CIIOCOOHAs

MIPUHUMATH JI000€ 3HaYeHHE, X - IepeMeHHasi HHTETPUPOBAHHUS.
Hnmeepuposanue — 3T0 OThICKaHHE TIEPBOOOPA3HOM 0 €€ MPOU3BOTHOM. DTO JIEHCTBHUE,
obpatHoe nuddepeHIIuPOBaHUIO.
TABJIMIJA MHTEI'PAJIOB.

1| fodx=c 6 I%=2&+C 1 Icosxdx=sinx+C
X
2 [dx=x+C / a’ 12
= a*dx=—+C =tgx+C
I I In a J.coszx J
3 n+l 8 Xdy — X 13 dx
[xndx = X _.c, Jerdx=er+c [———=-ctgx+C
n+1 sin 2 x
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n=-1
4 dx 1 9 dx 14 X .
—=-24C I—=|n|x|+C jd—:arc5|n x+C
X X X V1-x?
5 2 10 —si 15
[Vxdx == xx+C J.COSXdX—S'”XJFC j = arctgx+C
3 1+ x°

I'eomempuueckuii cmvlci HEONPeOeNéHHO20 UHMESPAa: 3TO CEMENUCTBO KPUBBIX,

3aBUCALIMX OT OJHOrO napamerpa C, KOTOPbIE MOJIYYar0TCs MyTEM MMapajuIeIbHOIO CABUIa BJIOJb
ocu Oy .

Onpeodenénnolii unmezpa.
Onpeoenénnubiii unmezpas — 310 OOIIUN MIpesie BCEX MHTErPATIbHBIX CYMM (QYHKIIUN
f (x) Ha oTpe3ke [a, b].

b
Nmeet mecto popmyna Herorona-Jleiibuuma: j f(x)dx=F(b)-F(a).
a
I'eomempuueckuii cmbiCl OnpeoenrénHo20 uHmezpana: OH YUCICHHO PaBeH IUIOIA U
KPHMBOJIMHEWHOM Tpareun, OrpaHUYeHHON IpssMbIMH X =a; X=Db; y = 0 u 4acTeio
rpaduka pynkuuu y = f(X), B3sITON CO 3HAKOM IUTIOC, €CIM (PYHKLHUS MTOJI0KUTENbHA, U CO
3HAaKOM MHUHYC, €ClIi (QYHKIUS OTpUIIATeNIbHA.
Ilpumenenue onpedenénno20 uHmMePana 6 260MempuL.
JlaBaiiTe HauHEM C U3BECTHOM HaM (hOPMYIIBI TUIOIIAAH KpyTa.
PaccMoTprM OKpYKHOCTB € LEHTPOM B Hadaje koopauHar. Kakum ypaBHeHHEM 3a1aéTes
sta okpykHOCTE? X° + Y% = R?.

Torma e€ wyacTh pacmoyioKEHHAash BBIIIE OCH aOCHHUCC €CTh Tpaduk (QYHKIUN
y=vR?*—x* e —~-R<x<R.

Hcnonp3yss reoMeTpuuecKuil CMBICI OINPEAENEHHOTO MHTErpaja IUIomaap Kpyra paauyca R
k]
5=2 I»JR? - xtdx
paBHa -&

Berancaum stot HHTErpal, 1oJjb3ysaChb 3aMEHOH nepeMeHHoﬁ:

. r T
x=Rsma‘,——i¢riE

[Ipu Bo3pacTaHuu nepeMeHHon 4To OyJeT MPOUCXOIUTH C MepeMeHHo# X? Bo3pacTaeT oT —R 10
R

dx=Reoosada cosee 20

Torma nosryanm

F-3

T
8= IJRE — R%sin? @Rcos i

7

Kak YIIPOCTUTHL HNOABIHTCTPAJIIBHOC BHpa)KeHI/Ie? Brirectn R2 34 3HAK HHTCrpaia "
BOCIIOJIb30BATbCA OCHOBHBIM TPUT'OHOMETPUYCCKUM TOXKICCTBOM

F-3

2
F=2R? Icosﬂ ada

2
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X

2 I
S=2REI#M=2E %a’+%sin 2a||?, = aR*

1+cos2a
_— 2

cos® @ = Oz
z

2 , TOr11a

Takum 00pa3om, MBI TIOJYYWJIM H3BECTHYIO HaM (GOpPMYy JUIsl BBIYMCICHHS TUIOIIAIN KPyra

S =7R?,

00vém mena epauienus.

Ilycte I' rpadux HempepbIBHON MOJOXKUTENbHON (QyHKIMU y=f(X) B HpsMOYroibHON
cucteme koopaunar xOy.

HeobOxomumo BbeUMCIUTE OOBEM TeNa BpalEHUs, OTPAHUYEHHOTO TIOBEPXHOCTHIO
BpalieHust KpuBoi ' BOKpYr ocHM X M IJIOCKOCTSMH, MPOXOJSAIIMMH Yepe3 TOUKH X = a, X = b

MEPIEHIUKYIISIPHO OCH X.
vi

e

Ecau Teno pa3buTo Ha 4acTH Kak MOYXHO HAWTH €ro 00BhEM?

O06BEM Tena paBeH cymMmmMe 00bEMOB TEJI, €70 COCTaBIISIOIIHX.

[ToaToMy MOKHO Pa30UTh HAIIE TEJNO HAa YACTH.

PazoObeM oTpe3ok [a;b] Ha yacth ToukamMm a<Xo<X1<.....<x,<b. PaccMoTpuM LWIHMHAp C

BBICOTOM Ay = Xpa T X u paanyca ocHoBauus YK = f(xK).

N _ nl
Kak M0xHO BBIUHCIUTE 00BEM ITUIUHApPA? V=R

2 = 1 1 I2
Torma o6beM Harero nuauHApPa OyaeT paBeH A, = 7y, = S (x)] L

Torga 00BEM BCEro Teja MOJYKET OBITHL 3alKcaH IIpyu IIOMOIIHU HpI/I6J'II/I)KéHHOFO paBCHCTBa
2

1-1
Vo> (flxg)) Ax,
k=

YroOBI MOJIYYUTb TOYHOC PABCHCTBO HAO B3ATH IIPCIACII

max ax —0

1=l 2
V= im wy (flx ) Axg
k=l
[To onpenenenuio onpenesI€HHOro NHTErpasa
i ]
V= Hjlf'x" dx
@

MBI NOJYYHITH GOPMYITy JUIsl BEIUMCIIEHUS] 00bEMa Tesla BpalleHHSL.

IIpumenenue onpedenénnozo unmezpana é puzuxe.
1. PaGora.
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Ilycte K ABMXKylIEHCA IO HPSMOM TOYKE IIPWIOKEHA HAIpaBiICHHAs BIOJIb JTOW INPAMOU
nepemenHas cuna F=f(x), rme f(x) ects HenpepbiBHAs (yHKOUS OT X — KOOPAMHATHI
IBIOKYLIeHca Touku. Pabora cuiel F mpu nepeBuKeHUH TOUKH OT a 10 b paBHa
x-1 8
W=_tm > flx, lAx =If(x).:fx
W K == d d
70 2
rae a=xo<Xi1<...<xn=D, ?Xj=Xj+1-Xj

Flx i, .
B CHJIy HenpepbelBHOCTU QyHKIMHU f(X) mpousBeneHue JW GIU3KO K MCTHHHOM paboTe Ha

oTpe3ke [Xj; Xj+1], @ CyMMa TaKuX MPOU3BEICHUI OIM3Ka K HICTHHHOM paboTe Ha oTpe3ke [a; b], u
IIPUTOM Te€M OJIMKE, YEM MEHbIIIE HauOOJbIINUN U3 BCEX 7X;.

Ne 4.

K mBmxyieiics mo npsMoil TOUKe NpuiIokKeHa HalpaBiIeHHasl BAOJb 3TOU npsMoil cuna F=2x-1,
r7ie X — KOOpJAuHaTa ABMKYILEHcs Touku. Beruucnure padoty cuiibl F o nmepemenieHuto Touku
ot 0 1o 3. (cmaiig 17)

Pewrenue:

3
W =\|‘f{x}dx

3
W=Ju2x—1dx=(x3—x)|2 -6

2. Macca cTepkHs NEPEMEHHON MIIOTHOCTH
Bynem cuutath, uTo 0Tpe30k [a; b] ocu OX mmeeT Maccy ¢ MePEeMEHHOW JIMHEHHON MIIOTHOCTHIO
oxizn

| |
, e ©F - HeTmpepbIBHAs Ha oTpe3ke [a; b] dynakumsa. OOmas mMacca 3TOTO OTpe3Ka

n-l 8
M= lm 'x-'&x-=‘r | % dx
w0 ;,ﬁ' d d @

'i' z , TIe a=xo<X1<...<xp=D, ?Xj=Xj+1-X;

No 5. Berancnuth Maccy cTepxkHs Ha oTpe3ke oT 0 710 2, €Clii ero TIOTHOCTh 3aaéTcst GyHKITUEeH
pl xl=x+ 1
Pemenue:

M=}p'x'dx

] ]
M=J'x+1'dx= %+x =4
Ji]

3aI[aHI/ISI AJISA CAMOCTOATEJIBHOI'O PCILICHUSA
Breraucaute HHTCTrpal:

3 4 . 1
a) icostdx IlZ&dx, B) J.sin gdx j.(3x+1)2dx I(3x2 + 4x)dx.,
0 ,6) 0 r E: 0
, 1)

9
0 0 0 2

e) I(O,5x+1)5dx (3x +1)*dx I(O,5x+1)5dx I(2x+1)4dx I\/— dx
2 K) 2 ) SRR

,3)

W | P C—
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Camocmosimenvnas paboma no meme: «Mumezpany.
Bapuanm 1.

Nel. Beruncnure:

Haiiure momans (GUTypBI, OTPaHUYCHHOW OCHIO
Ox, mpsameiMu X=0 u X =1, u rpadpuxom GyHKINN
y=(x+1)*.

Neo3.

Haiigure miomans Qurypsl, OrpaHUYeHHOM OCHIO

V2
OX , mpsAMBIMH X = 7 U X =7, rpapukoM GyHKINUU

y =sin X.

Camocmosmenvhas paboma no meme: « Mnmezpany.
Bapuanm 2.

Nel. Beryuciure:
1) I[le“ s2_ 1 jdx
x?  cos® X

)j 6dx )J-x+8

X+2
Ne2.
Haiinure muomans ¢uUrypsl, OTpaHUYEHHOW OCHIO
Ox, mpsimbiMu X =—1 n X =1, u rpaduxom GpyHKINN

y=—x>+1.

Ne3.

Haiiqure muomans Qurypsl, OrpaHUYeHHOH OCHIO
Ox, mnpsMbIMH X:—% u X:%, U TpapuKomM

GyHKIMH Y = COS X.

Camocmosmenvras paboma no meme: « Mumezpany.
Bapuanm 3.

Nel. Brruncnure:

1) I(Sx +3Vx - j
sin % x

Vs 9x% - 25

2) I cos(3x+z]dx 3) j 4d3x—5

Ne2.

Haiimure mromanps Qurypel, OrpaHMYEHHON OCKIO
Ox, mpsmbiMu X =0 u X =1, u rpapukom QyHKIUU
y=(x+1)°>.

Ne3,

Haiimure mmomanps Qurypel, OrpaHMYEHHON OCKIO
Ox, nmpsmbiMu X =1 u X=€, u rpadpukoM (QyHKIUU

3
y==-.
X

Camocmosmenvuas paboma no meme: «Mumezpany.
Bapuanm 4.

Nel. Berunciure:

2 3
1) ||12x° - =+ dx
) I[ x®  cos? xj

2) | sin(Zx—%jdx 3 [~

Ne2,

Haiimute miomanps Qurypel, OrpaHMYEHHON OCHIO
Ox, npssmbiMu X =—1 n X =1, u rpaduxom pyHKIIIN
y=—x"+4.

Ne3,

Haiimute miomanps Qurypel, OrpaHMYEHHON OCHIO
Ox, npsmbiMu X =1 u X =4, u rpadukom GpyHKIUU

y=3Jx-2.

X—-3
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Tema 10.
DJieMeHThl KOMOMHATOPUKH, CTATHCTUKH U TEOPUH BEPOSITHOCTEH
Kpatkue TeopeTndeckue CBeICHUS
BeposiTHOCTBH cOOBITHSI
CraTucTuyeckoe onpeaeaeHne BePOSITHOCTH.

O6o3Hauenns. BeposTHocTh HekoTOpOro cobbitns 1 0603HauaeTCs 6OIBIION TaTHHCKO!
6ykBoii £, a camo cobbITHE GepéTcs B CKOOKH, BHICTYIIAsl B POJIH CBOCOOPA3HOTO apryMeHTa.
Hamnpuwmep:

F n
(o) _ BEpPOSITHOCTH TOTO, YTO B pe3y/IbTaTe OPOCKAa MOHETHI BBIMAAET «OPE»;
F(B .
(55) _ BEPOSITHOCTH TOTO, YTO B pe3yibTaTe OPOCKa UTPATTbHON KOCTHU BBITIAZIET 5 OUKOB;
F(Cy)

— BEPOSITHOCTh TOTO, YTO U3 KOJIOJABI OYJET U3BJIeUeHa KapTa TpehoBOil MaCTH.
Jli11 0603HaYeHMS BEPOSITHOCTU UCIIOJIb3yeTCsl MaJleHbKast OykBa P

Fo=¢
2 _ BepOSTHOCTB TOTO, YTO B PE3yJIbTATE OPOCKA MOHETHI BBINALET «OPEI»;
1
P = E .
— BepOﬂTHOCTI) TOIr'0, 4YTO B pCSyJILTaTe 6POCKa I/Il“paJ'H)HOI/I KOCTHU BBIITAACT 5 OYKOB,
1
Fr=—
4

— BEPOSITHOCTh TOTO, YTO M3 KOJIOJBI OYJIET U3BJIeUeHa KapTa TpehOoBOH MacTH.
Kaaccnueckoe onpejiesieHue BEepOATHOCTH:
BepOSITHOCTI)IO HACTYIIJIICHHUA COOBITHA A B HCKOTOPOM HUCIBITAHUU HA3BIBAIOT

Py="
OTHOILIIEHUE % roe:
% — o0I1ee YnCIio BceX paBHOBO3MOIKHBIX, DJIEMEHTAPHBIX UCXOJIOB 3TOTO UCIIHITAHUS,
KOTOpPBIE 00pa3yroT MOJHYIO TPYIIY COOBITHH;
# _ KOJNIMYECTBO JIEMEHTAPHEIX HCX0/I0B, 6JArONPHATCTBYIOIMX COOBITHIO A |
[Tpu Gpocke MOHETBHI MOKET BBITIACTH JINOO OPEN, MO0 pelrka — TaHHbIE COOBITHS

00pa3yIoT MOJHYIO TPYIIITY, TAKUM 00pa3oM, o0IIee YHCIo UCXoMoB # = 2, IIPU 3TOM,
KKl U3 HUX JIEMEHTApeH M PAaBHOBO3MOYKEH.

Co6bITHIO 4 OnaronpusTcTByeT ¢ = 1 ucxon (BeinaaeHue opia). [lo kmaccuueckoMmy
1
 PlAgy=—=2
OIIpEIEIIEHUIO BEPOSTHOCTEN: M .
AHaJIOrHYHO — B pe3yJibTaTe OpocKa KyOuKa MOYKET MOSIBUTHCS 7 = & SIIEMEHTAPHBIX

PaBHOBO3MOKHBIX UCXOJ0B, 06p83y1-OI_HI/IX IIOJIHYIO I'pYIIITY, a

COOBITHIO & ONarompuUsATCTBYET CIUMHCTBEHHBIH #* = 1 yexon (BBIMTAICHHE MIATECPKH )
By ="
noob

3aBucHMBbIE M HE3aBHCHMbIE COOBLITHS

CoObITHS SBISIFOTCS HE3aBUCHUMBIMH, €CITH BEPOSATHOCTh HACTYIUICHUS JII000T0 U3 HUX HE
3aBUCHT OT MOSIBICHUS/HEMOSBIECHUS OCTATBHBIX COOBITHI paccMaTpUBaEMOTO MHOKECTBA
(BO BCeX BO3MOYKHBIX KOMOWHAITHSX).

Teopema yMHOKeHUS] BEPOSITHOCTEl He3aBUCUMBIX COOBITHIA: BEPOSATHOCTH COBMECTHOTO
TOSIBIICHUS HE3aBHUCUMBIX coObrTiii 4 u & paBHA MPOU3BEACHUIO BEPOSTHOCTEH ITUX
COOBITHI:

FIAEY= F(A)- P(E)
Bepuémcs k mpocTeitieMy npumepy 1-ro ypoka, B KOTOPOM MOI0paChIBAIOTCS IBE MOHETHI U
CIIETYIOIIUM COOBITHSIM:
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A _ ya 1-it monere BBINAJIET OPET;

4 _ ya 2-if MoHeTe BbImazeT Opén.
Haiiném BeposTHOCTH COOBITUS A4, (Ha 1-i1 MoHeTE MOSIBUTCS OPEN M HA 2-1 MOHETE

MOSIBUTCSI OPENT — BCIIOMUHAEM, KaK YHTACTCSl MPOU3Be/ieHne coobITHii!). BepositHoCTh
BBINIA/ICHUS OpJia Ha OJIHOM MOHETE HMKAaK He 3aBUCHUT OT pe3ysibTaTra OpocKa APYyroil MOHETHI,

CJIeI0BaTEILHO, COOBITHS Ay 4 He3aBuCUMBEIL. [1o TeopemMe yMHOKEHUST BEPOSITHOCTEH
HE3aBUCUMBIX COOBITHHA:

11 1
(Ad) = PLAY P4 5 51
Ananorn4to:
— — — 1 1 1
PlAA)=P4) Pl4)=—- -=—
2 2 4 _ BEPOATHOCTH TOTO, YTO HA 1-ii MOHETE BHINAJET
pelika u Ha 2-1 penika;
— — 11 1
Plad)=PA) Pld)=—- -=—
2 2 4 _ BEPOATHOCTH TOTO, YTO Ha 1-if MOHETE MOSIBUTCS
OpEN M Ha 2-1 pelka;
— - 11 1
(Ad) = PrA) P4 5 5=7

— BEPOSITHOCTh TOTO, YTO HA 1-ii MOHETE MOSBUTCS
pelka u Ha 2-i1 opén.

Co6brrus A4z Ad Ay, 44, 00pa3yroT HOJHYIO TPYNIY U CyMMa UX BEPOSITHOCTEM

Pl + PAL) +PAA) + P4 =~ + 1+ 111y

paBHa eMHHULIE: 4 4 4 4
Teopema yMHOK€eHUsI OUEBUIHBIM 00pa30M pacnpoOCTpaHsaeTcss U Ha OOJIbIIee KOJIMYECTBO

. A B
HE3aBHUCHUMBIX COOBITHIA, TaK, HAPUMEP, €CIIU COOBITUS “* = '~ HE3aBUCHUMBI, TO

P(ABCY= P(A) P(B) P(C)

BEPOSTHOCTh X COBMECTHOT'O HACTYIUICHHS pPaBHA!
3anaua

B xaxzom u3 Tpex smukoB umeercs o 10 geraneil. B nmepBom simuke 8 cTaHAapTHBIX
JieTanen, BO BTOpOM — 7, B TpeTheM — 9. M3 KaKJI0T0 AllMKa HayJa4dy W3BJICKAIOT MO OJTHOU
netanu. HaiiTi BEpOATHOCTB TOTO, YTO BCE JACTAIA OKAXYTCSI CTAHIAPTHBIMH.

Perienue: BEpOSITHOCTD U3BJICUCHHS CTAHIAPTHOM WIJIM HECTAHIAPTHOM JIETaIN U3 JTH000TO0
SIIIIMKA HE 3aBUCHUT OT TOTO, KAKUE JIETaIl OyAyT U3BJICUYCHBI U3 IPYTUX AIMIUKOB, TIO3TOMY B
3a/1aue peub UAET O HE3aBUCUMBIX COOBITUAX. PaccMOTpuM crienyronine He3aBUCUMBIE
COOBITHS:

o

1 —u3 1-ro gmyka u3BjeuyeHa CTaHJapTHaA ACTaJlb,
R

2 —y¥3 2-TO AIMKa W3BJICUCHA CTaHJapTHaA ACTaJlb,
SE

—u3 3-T0 sIIIUKa U3BJICYCHA CTaHAapTHAs ACTallb.

IIo KIIaCCUYCCKOMY OIIPCACICHUIO:

P =2 208, PS)=L=07 PS)=—=09

10 10 10 — COOTBCTCTBYIOIIIUEC BECPOATHOCTH.
I/IHTepeconmee Hac coObITHE (I/I3 1-ro AU Ka 6yz[eT H3BJICYCHA CTaHAApTHAA ACTAJIb U U3 2-

RO
IO CTaHJApTHAs M U3 3-TO CTaH/AapTHast) BBIPKAETCs MPOU3BEICHUEM 1 & %,

ITo TeopeMe yMHOKEHHUS BEPOATHOCTEH HE3aBUCHMBIX COOBITHIA:
F88p8) = P8 FI5) - F(5) = 0.8-0,7.09=0504 BEPOATHOCTH TOTO, YTO U3 TPEX
AIMKOB OYET H3BICYEHO MO OJHOM CTaHAAPTHON JETAIM.
Ortser: 0,504
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TeopeMa CJIOKCHUSA BCPOHTHOCTeﬁ HECOBMECTHDBIX COOBLITHHM: BCPOATHOCTDH MOABJICHUSA

OJIHOTO U3 JIBYX HECOBMeCTHBIX coObiThit 4 mmn & (6e3 pasHUIIBI KAKOTO), PaBHA CyMMe
BEPOSITHOCTEHN 3TUX COOBITHI:

P(A+B)= P(A)+ P(B)

5 .
38 _ B pe3ynbraTe OPOCKa UrPABHOM KOCTH BBIIAJIET HE MEHEE ISATH

B .=8+5
6 37 7% (BeImazeT

Paccmotpum cobbiTHE

OYKOB. I[aHHOG CcOOBITHE COCTOUT B JABYX HCCOBMCCTHBIX MCXOAaX:
5 nam6 oukoB). [lo Teopeme ciioxkeHnss BEpOSITHOCTEM HECOBMECTHBIX COOBITHI:

P(B,+ B,) = P(B,) + P(B,) :é+1 2_1

6 6 3 BEPOATHOCTb TOTO, YTO B pe3yjibTaTe Opocka
WUTPAIbHOW KOCTH BBITIAJIET HE MEHEE TISITH OYKOB.

CoObiTHE , COCTOSIIee B TOM, YTO BEIAACT He OoJiee 4 OYKOB H
HalJIeM ero BeposiTHOCTh. [1o Teopeme cliokeHusT BEpOSITHOCTEH HECOBMECTHBIX COOBITHIA:
FPB+8,+ B8, +5,)=FB)+ F(E)+F(B)+F(B,) = %+%+é+% :%

[To Toi1 ke Teopeme, BEpOATHOCTb TOTO, YTO BBINAJET HEYETHOE YUCIIO OYKOB:

P(B+ B+ B = Py +PE)+PBy =1+ 111

6 & & 2 yrak ganee.
3agauya
«CTyIeHT 3HAeT OTBETHI HA 25 3K3aMEHAIMOHHBIX BONpocoB u3 60. KakoBa BeposATHOCTH

CIaTh DK3aMEH, €CIIU JUIsl 9TOTO He0OX0AMMO OTBETUTH HE MEHEee 4eM Ha 2 13 3 BOIIPOCOB?»
3

. i Lo
B toii 3amaue MbI cHavana Hanum ~*" (KOJIMYECTBO BCEX BO3MOXKHBIX COYETAHUM TPEX

BOIIPOCOB), 3aTEM BBIYHCIINIIN KOJINYECCTBO 6J‘IaFOH USTCTB X UCXOOJ0B U
s

_Ch Chch
BEPOSITHOCTh Con
3agaua
MarasuH noay4us IpoayKIHIO B SIIIMKAX C YETHIPEX OMTOBBIX CKJIA/I0B: YEThIpe ¢ 1-T0, MATh
€0 2-10, ceMb ¢ 3-r10 u YeThipe ¢ 4-ro. CiaydaitHbIM 00pa30oM BbIOpaH SIIUK JIS TTPOIAXKH.
KakoBa BeposSITHOCTB TOTO, UTO 3TO OYJET SIIUK C IEPBOTO WU TPETHEro CKIaja.

Pemenue: Bcero nosrydueHo mMarasuHom: 4 + 5 + 7 + 4 = 20 s1iuKkos.

B nanHoli 3amaue ynoOHee BOCIONB30BaThCS «OBICTPBIMY CIIOCOO0M 0hopmIteHHs Oe3
pacnucbiBaHUs COOBITHI OONMBIIMMU JaTHHCKUMH OykBamiu. [lo kinaccuueckomy

TOI'0, YTO CTYACHT CAACT 3K3aMCH.

OTIPEICIICHHUIO:
4
n=—=02
20 — BEPOSTHOCTB TOTO, YTO JIJIS POJIXKU OyJIET BRIOpaH SIIUK ¢ 1-TO cKiaza;
7
py=—=1035
20 — BEpOSTHOCTD TOTO, YTO JJIsl MPOAaKu Oy/eT BbIOpaH SIIUK ¢ 3-TO CKIaja.

IIo TEOPEME CJIOKCHHUS HCCOBMECTHBIX COOBITHIA:

P=p+p;=02+035=02 BEPOSITHOCTb TOTO, UTO JUIsl IPOJIAXXKH Oy/eT BbIOpaH SIIUK C

MIEPBOTO UITU TPETHETO CKIIA/A.
Otser: 0,55

3agaun QI CAaMOCTOSITEJILHOIO PelieHMs.
Pemrenue 3aaau, Ha onpeeneHe BEPOSTHOCTH C HCIOJIb30BAHUEM TEOPEM CIIOKEHUS U
YMHOKEHHUSI.
Nel. IIpu OGpocanum UrpaIbHOM KOCTH BBIUUCIUTH BEPOSTHOCTh COOBITHS «BbImano 2 oukay.
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Ne2. B memouke umeercs 5 OAMHAKOBBIX KyOWMKOB. Ha Bcex rpaHsx KaXaoro KyoOka
HarfKcaHa oJlHa U3 CJIEAYIOMUX OyKB: 0, T, p, ¢, T. HaliTu BEpOSTHOCTH TOTO, YTO HA BBITSAHYTHIX
[0 OJAHOMY M PACHOJIOKEHHBIX «B OJHY JIMHUIO» KYOMKOB MOXHO OyIET HpOYecTh CIIOBO
«CIIOPT».

Ne3. B mexe pabGotaror 6 MyxuuH U 4 xeHIMHBL. [lo TabeabHBIM HOMEpaM Hayjaady
0TOOpaHbl ceMb 4eJoBeK. HallTi BEpOSTHOCTH TOTO, YTO CPEar OTOOPAHHBIX JIUIl OKAXKYTCS TPU
YKEHIIUHBI.

Ned4. Tlo nenu npousBeaeHo 20 BBICTPENOB, NPUYEM 3aperucTpupoBaHo 18 momagaHuil.
Haiitn 0OTHOCHTENBHYIO YaCTOTY ITONIAJaHUM B LIETIb.

Ne5. B simuke umeercst 15 neraneid, cpeau kotopbix 10 oxpameHHsix. COOpIIMK Haynady
u3Biekaer 3 perand. HalT BEpOSTHOCTH TOrO, YTO BCE M3BJICUEHHBIE JETAU OKAXKYTCS
OKpAllICHBI.

Ne6. B oxpyxHOCTh BHMcaH KkBajapar. B kpyr Haynmady Opocaercs Touka. KakoBa
BEPOSATHOCTH TOT'O, YTO 3TA TOYKA MOIAAET B KBAApAaT.

Ne7. I1pu GpocaHMM MOHETHI BEIYUCIUTH BEPOSITHOCTD BBIMAICHUS «PELLIKID.

Ne8. TIaTh pa3nuuHBIX KHUI paccTaBJIEHbl HayJaady Ha oJHOH moisike. HaliTu BeposITHOCTH
TOTO, YTO JIBE ONPEIEICHHBIE KHUTY OKaXKYTCS PSIAOM.

Ne9. B rpynne 12 cTyaeHTOB, cpelid KOTOPBIX 8 OTIMYHHUKOB. 1o cniucky Hayaayy oToOpaHbl
9 cTyneHTOB, HAUTH BEPOSATHOCTH TOTO, YTO CPEIU OTOOPAHHBIX CTY/IEHTOB 5 OTIMYHUKOB.

NelO.Ilpu wucnblTaHMM TapTHH MPUOOPOB OTHOCUTENBbHAs YacTOTa TOJHBIX NPUOOPOB
okazanach paBHoM 0,9. HaiiTm uucio roaneix npuboOpoB, eciu Bcero Obuio mposepeHo 200
pruOOpPOB.

Nell. B xonBepte cpeau 100 ¢poTokapTouek HaXOIUTCS OJHA po3bickuBaemasi. 13 koHBepTa
Haynauy u3BiekaroT 10 kapTouek. HailTu BEpOATHOCTB TOTO, YTO CPEIM HUX OKAKETCS HY>KHAs.

Nel2. B oxpyxHOCTh BHHCaH KBaapar. B kpyr Haymauy Opocaercs Touka. Kakosa
BEPOSITHOCTB TOT'O, YTO 3Ta TOYKA NOMAJACT B KPYT.

MaremaTuueckasi CTaTUCTHKA.

Kaxxnmoe uccnenoBanue B 00J1acT CIydaifHbIX SBJICHHH CBOMMHU KOPHSIMU BCETJIa YXOJIUT B
AKCIIEPUMEHT, B OIIBITHBIC JaHHBIC. UNCIIOBBIE JaHHBIC, KOTOPhIE COOMPAIOT MPU U3YUYCHUH
KaKOTO-JIM00 MPU3HAKa HEKOTOPOTO 00BEKTa, Ha3bIBAIOTCS CTATUCTHUYCCKUMU. CTaTHUCTUYECKHE
JAaHHBIC SBJISIOTCS TIEPBOHAYAIBHBIM MAaTepUaIoM HcclieqoBanus. s Toro, 4roOpl OHU
MPEACTABIISUIA HAYIHYIO WIIA MMPAKTHYECKYIO IIEHHOCTh, MX HAJ0 00padoTaTh METOIaMH
MaTeMaTUYEeCKOM CTaTUCTHKH.

MaremaTrueckasi CTaTUCTUKA - 3TO HayYHas IUCIUILIMHA, PEIMETOM U3Y4eHUsI KOTOPOU
SIBJISIETCS] pa3paboTKa METOIOB PETUCTPAIlUH, OTIMCAHUS M aHAJIN3a CTATUCTHYCCKUX
9KCIEPUMEHTAJIbHBIX IaHHBIX, MOJYYEHHBIX B pe3yJbTaTe HAOIIOACHUI MaCCOBBIX CITy4ailHBIX
SIBJICHU.
OCHOBHBIMH 337a4aMH MaTEMaTHYECKOM CTATUCTUKH SBJISIIOTCS:

e OIpElEJICHUE 3aKOHA paclpeAesIeHUs] CIyYallHOW BEJTMYMHBI UM CUCTEMBI CITy4alHbIX

BEJINYHH;
e TMPOBEpPKA MPaBIOMOAOOUS TUIIOTE3;
e OIpe/eJCHUE HEU3BECTHBIX APAMETPOB paclpeieICHUsI.
Bce metoapl

Mope/h S TexeHue MaTeMaTH4IeCcKOi
Ha Teopuun

BeposiTHOCTE. O1HaKO
B CHJTY CIEM(HYHOCTH PEIIaeMbIX 33a][a4 MaTeMaTH4eCcKas CTATUCTHKA BBIJICISIETCS U3 TEOPUHU
BEPOSITHOCTEH B CAaMOCTOATEIbHYIO 0071acTh. ECiu B TeOpHH BEPOATHOCTEM CUMTACTCS 3aJaHHON
MO/IENb SIBJICHUS U IPOU3BOIUTCS PACUET BO3MOYKHOTO PEATbHOTO TEUEHUSI 3TOTO SABJICHUS
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(puc.1), TO B MaTEeMaTHYECKOM CTATUCTHKE TIOIOMPACTCS ITOIXOASAIIAsT TEOPETHKO-
BEPOSTHOCTHASI MOJIENb, UCXOJIS U3 CTATUCTUYECKUX JAHHBIX (pHC.2).

Puc.1. O6mias 3a1aga Teopun BEpOSTHOCTEH
Puc.2. O6mas 3anaua

JaHHbIE 0 M Monenn MaTeMaTHYECKOi

ARTEHHH _,,..f} ARJICHHA CTaTUCTUKH
Kak nayuynas
JUCHUITIIINHA

MaTeMaTh4ecKas CTaTUCTUKA pa3BUBAJIach BMECTE C TEOPUEH BEPOSATHOCTEM. MareMaTndecKui
anmapar 3TOM HayKu IIOCTPOEH BO BTOpoH nosioBuHe XIX Beka.

I'enepajibHasi COBOKYIIHOCTDH M BBIOOPKA.
JIid 3y4eHus: CTaTUCTUYECKUX METOJIOB BBOJSTCS MOHATUS T€HEPAIbHOM U BHIOOPOYHOH
COBOKYIHOCTEW. B o0miem ciryyae noj reHepaibHOM COBOKYITHOCTBIO IOHUMAETCs ClydaiHast

F(x)

BennunHa X ¢ (QYHKIUEH pacrpeaeeHus . BE160p0oYHOI COBOKYITHOCTHIO UJTH BEIOOPKO#

Xy0 Xy ,ean

oObeman Ui JaHHOW CITydyaliHOM BeIMUYMHBI X Ha3bIBaeTcsi HA0op > Xn He3aBUCHMBIX

Ha6J'[IO)IeHI/II\/'I 3TOM BCJIIMYHHEBI, TAC Xi HOCHUT Ha3BaHHEC BBI60pO‘-IHOFO SHAYCHUS WJIH pCaIn3allun

ciydaitHoi BemmuuHbIX. TakuM 06pa3zoM, ' MOKHO paccMaTpHBaTh KaK 4icla (€CIn
HKCTIEPUMEHT MIPOBE/ICH M BEIOOPKA COCTOSIIACH) M KaK CITyJ4aifHbIe BEJIMYMHEI (710 TIPOBEICHHS
9KCIEPUMEHTA), TOCKOJIbKY OHU MEHSIIOTCSI OT BEIOOPKH K BBIOOPKE.
[Mpumep 1. [y onipeniesieHus 3aBUCHMOCTH TOJIIMHBI CTBOJIA JIEPEBA OT €ro BBICOTHI OBIIIO
otobpano 200 nepeBbeB. B nanHoM cirydae 06beM Bbioopku n=200.
[Tpumep 2. B pe3ynbraTe pacuIOBKH JPEBECHOCTPYKEUHBIX TUTUT HA KPYTIOMUIHLHOM CTaHKE
ObLTO TOSTydeHo 15 3HavYeHHt
yaenbHOU paboThl pe3anus. B
3TOM citydae n=135.
Jl1st Toro 4TO0OBI MO AAHHBIM
BBIOOPKH YBEPEHHO CYJIUTh 00
MHTEPECYIOIIEM Hac MpU3HaKe
reHepaIbHOW COBOKYITHOCTH,
00BEKThI BBIOOPKHU JOTKHBI
MPAaBWJIBHO €€ MPEICTaBIATh, TO
€CTh BBIOOpKA JOJKHA
OBITBPETIPE3CHTATHUBHOM (MpeacTa
BHUTEIILHOM).
Pemnpe3eHTaTMBHOCTH BEIOOPKH
OOBIYHO JIOCTHTAeTCs CIy4aifHOCTBIO 0TOOPa 0OBEKTOB: KXKIOMY 00BEKTY IreHepabHON
COBOKYITHOCTH 00€CIIeYHBAETCS paBHAsI CO BCEMHU OCTaJIbHBIMU BEPOSATHOCTD IMOMA/IaHuUs B
BBIOOPKY.

Omnpenenenre MOIbl U MEIUAHbl B CTAaTHUCTHKE.

Cpennue apudmernyeckasi ¥ TapMOHUYECKAs SBISIFOTCS 0000IIAIOIIMMU XapaKTePUCTUKAMHU
COBOKYITHOCTH T10 TOMY WJIM MHOMY BapbupyloliemMy npu3Haky. BcmomorareabHbIMU
OTHCAaTeIbHBIMU XapaKTEPUCTUKAMHU paclpeeNieHUs] BapbUPYIOIIEro MPU3HaKa SBISIOTCS MOJIa
U MeJHMaHa.

Moot B cTaTUCTHKE HA3bIBACTCS BEIMYMHA MTPU3HAKa (BapuaHTa), KOTOpas Jalle BCero
BCTpeUYaeTcs B JAHHON COBOKYIMHOCTH. B BapualinoHHOM psiTy 3TO OyAeT BapuaHTa, UMEIoIas
HauOOJIBIIYIO YaCTOTY.

MenuaHHOM B CTaTUCTUKE HA3BIBAETCS BApUAHTa, KOTOPAst HAXOIUTCS B CEpEIUHE
BapHALMOHHOTO psijia. MeanaHa eNuT psaJ MoNojaM, o 00e CTOPOHBI OT Hee (BBEPX M BHU3)
HaXOJIUTCS OJJMHAKOBOE KOJIMYECTBO €IMHUI] COBOKYITHOCTH.
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Mo;[a U MCJMaHa B OTJIMYHU OT CTCIICHHLIX CPCAHUX ABJIAOTCA KOHKPCTHBIMU
XapaKTePUCTUKAMU, HX 3HAYCHHE UMEET KaKas-Tu00 KOHKPETHAas BapHaHTa B BAPUAIIHOHHOM
pamy.

Mona npuMeHsieTcs B TEX CIIyYasX, KOTJla HY)KHO 0XapaKTepru30BaTh HanOojee 4acTo
BCTPEUAIOIIYIOCS BEIMUMHY NTpu3Haka. Eciiv Haio, Harpumep, y3HaTh Hanbosee
pacTpoCTpaHEHHBINH pa3Mep 3apadOTHOM IJIAThl Ha MPEANPUSATHH, [IEHY HA PBIHKE, TI0 KOTOPO
OBLIO MPOJAHO HAUOOJIBIIEE KOJIUMYECTBO TOBAPOB, pa3Mep OOTHHOK, MOJIb3YIOIUICS
HanOOJIBIINM CIIPOCOM Y IMOTPEOUTENEH,  T.JI., B THX CIydasX NpUOeraroT K MOJe.

Menrana MHTEpECHA TEM, YTO MOKA3bIBAET KOJUYECTBEHHYIO IPAHUILY 3HAUEHUE BAPbUPYIOLIETO
MpHU3HAKA, KOTOPYIO JOCTHUTJIA TIOJIOBUHA WICHOB COBOKYMHOCTH. [lycTh cpeanss 3apaboTHas
iara paboTHHKOB 6aHka coctaBmiia 650000 py0. B MecsIl. DTa XapaKTepUCTHKA MOYXKET OBITh
JIOTIOJTHEHA, €CJTM MBI CKa)KE€M, YTO MOJIOBHHA paOOTHUKOB TMOJIy4HIIa 3apadoTHyo miaty 700000
pY6 W BbILIC, T.C. IPUBCACM MCIHAHY. Mo,ua 1 MEeauaHa ABJISAKOTCSI TUIINYHBIMU
XapaKTCPUCTUKAMHU B TEX CiIydadaX, KOrja B3ATbl COBOKYITHOCTU O AHOPOJAHEBIC U OOJIBIIION
YHCIICHHOCTH.

HaxoxkneHue MoIbl M1 MeTHAHBI B TMCKPETHOM BAPUALIMOHHOM PSIY

Haiitu Moy 1 MemaHy B BapualliOHHOM PsTy, T/I€ 3HAYCHUS MTPU3HAKa 3aaHbI
OTIpeIeTICHHBIMH YHCIIaMHU, HE TIPEICTABIIAET 00IbIION TpyaHOCcTH. PaccMoTpuMm Tabmuiy 1. ¢
pacrpenieieHne ceMen 1Mo YUCIy IeTei.

Tabnuma 1. Pacipenenenue cemelt 1o unciy aeTei

['pynna cemeit mo unciy gerei|ducio cemen
10
30
75
35
20
15

AIWOIN|FL|O

rtoro 185

OueBuaHO, B 3TOM IpUMeEpe MO0 OyJIeT ceMbsi, UMEIOIIasl JBOUX JETEH, TaK KaK 3TOMY
3HA4YEeHUIO BapUaHThl COOTBETCTBYET HanboJIbllIee YUCI0 ceMeil. MoryTt ObITh pacrnpeseieHus,
I'Jie BCE BApUAHThI BCTPEYAIOTCS OJIMHAKOBO YacTO, B 3TOM CJIy4ae MO/Ibl HET UJIH, HHAYe, MOKHO
CKa3aTh, YTO BCE BAPHAHTHI OJIMHAKOBO MOJAJIbHBI. B Ipyrux ciydasx He oJlHa, a IB€ BapUAHTbI
MOTyT ObITh HanOoJIbLIeH YacTOThl. Torna OyneT aBe MoJbl, pacrpeaeneHue Oyaer
OouMoanbHBIM. buMoanibHBIE pacnpeeeHust MOTYT yKa3bIBaTh Ha KaUeCTBEHHYIO
HEOJTHOPOJHOCTb COBOKYITHOCTH IO UCCIIElyEMOMY IPU3HAKY.

YroObl HaliTH MeMaHy B AUCKPETHOM BapUaLlMOHHOM psifl, HY’)KHO CYMMY YacTOT pa3JIe/IuTh
II0TI0JIaM M K MOJIyYEHHOMY pe3yJbTaTy 100aBUTh 2. Tak, B pacnpeaenenuu 185 cembu no
quCcly neTeit menuanoi Oynet: 185/2 + 12 =93, T.e. 93-1 Bapuanra, KoTOpas JIEIUT
yIopsI0ueHHbIHN psj nomnosaMm. Kakoo e 3HaueHue 93-eit Bapuantsl? J{i1st TOro 4To0bI 3TO
BBISICHUTB, HY)KHO HaKaIuIMBaTh YaCTOThI, HAUMHAsA, OT HAUMEHbIIEH BapuaHTbl. CyMMa 4acToT
1-it u 2-ii Bapuant paBHa 40. SIcHo, uto 31eck 93 BapuanThl HeT. Ecnu npubaButh k 40 yacToTy
3-i BapuaHThl, TO MOJYYUM CyMMYy, paBHYI0 40 + 75 = 115. CnegoBarenbHo, 93-5 BapuaHTta
COOTBETCTBYET TPETbEMY 3HaUCHUIO BAPbUPYIOLIETO MPU3HAKa, U MeIMaHoi OyJeT cemMbs,
MMEIOIIas ABOUX JIETEH.

Moja 1 MmenaHa B JaHHOM npuMepe coBnaiu. Eciu Obl y Hac Oblia YeTHas CyMMa 4acToT
(marmpumep, 184), To, mpUMeHss yKa3aHHYIO BbIlIe (OPMYITy, OJIy4YMM HOMEP MEeTUaHHOM
BapuaHThl, 184/2 + 1. =92.5. [lockosibKy BapHaHThI C IPOOHBIM HOMEPOM HeE CYIIIECTBYET,
IIOJIyUYEHHBIN pE3yabTaT YKa3blBAa€T, YTO MEIMAHA HAXOAUTCS NocepennHe Mexay 92 n 93
BapUaHTaMHU.
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Cpennee (wnm cpenHee apu(METHIECKOE) BBIOOPKU- ATO YUCIO ,pAaBHOE OTHOIICHHIO
CYMMBI BCCX YHCCII BbI60pKI/I K HMX KOJIMYCCTBY.
3amanue Nel.
1.Haiitu mony BBIOOpPKH:

1) 4; 15;6;7;3;6; 8. 2)18; 9;5; 3; 7, 9; 1 3)6; 8; 5; 4; 8; 3; 6.
2.Haiitu menuaHy BBIOOPKHU:
1)17; 12; 34; 18; 6. 2)24; 15; 13; 20; 21. 3) 15; 6; 12; 8; 9; 14.
3. Haiitu cpennee 3HaueHHe BBIOOPKH:
1)24; -5; 13; -8. 2) 7; 16; -9; -2; 10. 3)1,3; 1,4; 1,3; 0,9; 0,9; 1,4.
3aganue Ne 2: PenleHne NpakTUYECKUX 3aJad4 Ha 0OpabOTKY YMCIIOBBIX JaHHBIX,
BBIYMCIIEHUE UX XapaKTepUCTHUK. BeimoiaHuth 3amanus :1.M3BecTeH Bo3pacTHOM cocTaB
abUTYypUEHTOB MO oT/eNeHusIM. B Tabnuiie mpuBeieH BO3pacT HEKOTOPBIX U3 HUX

N | Otnenenue JIeT

1 | Kommepuus 15 |17 |16 |16 [18 |18 |16 |20 |16 |19 |18

2 | Tex"omnorusa 16 |18 |17 |17 |21 |17 |20 |19 |19 |17 |17
JepeBo00pPabOTKHI

3 | Boruncimrenenas |16 |16 |19 (15 (18 |17 |17 |15 |15 |19 |20
TEXHUKA

4 | Koncrpyuposanme | 15 (16 |18 |18 |25 |20 |19 (20 |18 |15 |17
OJEXK IBI

Boruncnuth BEIOOpOUHOE CpeiHEE BO3PACTHOTO COCTaBa a0UTYPUEHTOB IO OTIECIICHUSM.
HOCTpOI/ITI) IMOJIMTOH YaCTOT MCIIOJIb3yd JAaHHBIC OTJIGJ'IGHI/IX-((BI:I‘II/ICJ'II/ITGJ'IBHaSI TEXHUKa»
3amanne Ne3.HaiiTu BEIOOpOYHOE CpeHee ISl BApUAIIMOHHOTO Psija
X1 2 3 | 4 6
N1 2 2 | 3 3

4. Haiitu Moy, MEIMaHy W CpelHee BBIOOPKH
X -4 0 2 4 6 8

M 3 3 4 2 1 5
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Tema 11
YpaBHeHUs1 U HEPaBEHCTBA

Iloka3arebHbIE YpaBHECHUA
KpaTlme TCOPETUICCKHUE CBEACHUA

Bamaga 1. Pemutsh ypasuenne: 8712 = 3217,

Pewenue. 3amernm, uto 8 = 2° n 32 = 2%

(23).1'+2 _ (25) 1-x .

TO eCTh
.23(&‘+'2J — QEU.—.‘[‘J

Mockonpky dyHKIHA y = 2° MOHOTOHHO BO3pACTAET, paBeHCTBO 2¢ = 20 SKBUBAIenTHO PABEHCTBY
a = b. CiegoBare/LHO,

Ar+4+2) =5(1—=x),

oTKyma r = —1/8.

1
Omeem: ——.
8

Bamaga 2. Pemuts ypasmenne: 37! 4 37 — 3772 = 35,

Pewenue. Meron perenus ypaBHeHHH TAKOTO BHJA — BBIHECTH 33 CKOOKH CTEIeHL ¢ HANMEHBLITHM
HoKazaTejeM. B JaHHOM cilydae BBIHOCHM 3a CKOOKH 372

F2AP 4P -—1)=3B = F2.35=35 & FI=1

JIe THE : [Kak 372 = Ty M . 5 J
[Mocieaee paBercTBo sanmmen Kak 3° 2 = 3° u BBHIY MOHOTOHHOCTH ITOKAZATEILHON (yHKIMH
3aKk/odaeM, 9ro ¢ — 2 = 0, 1o ecTh & = 2.

Omeem: 2.
Bama4ua 3. Pemutnh ypasaenne: 47 — 2°+H — 8 = ()
Pewenue. Ieperminen ypapHeHHE CIIEIVIOININM 06Da30M:

2% _9.2° —8=0.

Bpogsg sameny t = 2%, nonyunM KBaJpaTHoe VPaBHEHHE OTHOCHTEILHO 1

t?—2t—-8=0.
Haxomum ero kopum: ) = 4, to = —2. Ocraérea caenaTh obpaTHyio 3aMeHy.
Vpaepraenne 27 = 4 uMeeT eIHHCTBeHHBI KopeHb = = 2. VpaBuenne 2% = —2 KopHeil He HMeeT,

TaK Kak HOKazaTelbHad (pyHKIug y = 2% He MOXKeT IPHHAMATL OTPHIATEILHBIX 3HAYEHHIL.
Omeem: 2.
3agaum 11l CAMOCTOSITEJILHOTO pereHust

1. Pemure ypasnenne:

=
.
H
+
3]
|
)
g
—
ra
[ J e
\"‘--—--/.
E:z_l
|
%)
|
Sl
[uhg 4
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2, Pemnre ypasnenne:

\ _ 1 r—4
8.] 3% —3z+2 — 1 6] 2r—3$ — (5) ;

9 3z—-T 5 Te—3 9 2x+3
- — _ . - — rx—Z
(6 -(G) 0 (5) -

3. Pemunre vpasnenue:

5. Pemure ypasuenne:

a) 9=+2 4 or _ 5; 6) 47+ g = 320,

) 752 1 4. 77+ = 530, r) 3.573 4 2. 5ot = 77,

6. Pemute ypapnenne:

a) 5t —3.577% = 122, 6) 0,2°71 — 0,2°F! = 4.8;

iz

B) 0,552 4 3. 0,25 =T, r) 32273 _ 07~ L 97 = G675,
7. Pemnre ypanuemnme:

a) 9% — 6.3 - 27 =0; 6) 100¥ — 1110 + 10 = 0;
B) 4% 4 QI+1 — 8= 0 F) 521—1 +5 mx+l = 95().

HMppanyoHajibHLIe ypaBHeHHs U HepaBeHCTBa
KpaTkue TeopeTnyeckune cBeIeHHS

Samaua 1. Pemuts nepasetctso: 2 — r — 22 > —1.

Pewenue. KB&,E[J)&.THMﬁ KOopeHb MOKET NPHHHMAaTL TOJLKO HeOTPHIIATEIbBHLIC 3HaYeIHHHA, II03TOMY
Jalnoe HEPpaBeHCTBO BLIIIWIHCHO BCera, Korda KBMP&TI[LIIH KOpeHb OHPCHCHEII. Mupmvm CJIOBaMH,
MIOZKCCTBOM pCU.IC‘-IIHﬁ JAaHHOTO HepabcHCcTBa CJIVAHT ero 0:[3

2—r—220 = -2<r<l.

Omeem: [—2;1].
Bapaua 2. (MTYV, coyuonozun. ¢-m, 1997) Pemmre ypasrenne: /5 — 10 =2 — x.

Pewenue. Hatingm O3: 52 — 10 = 0, To ects = = 2. [lpu Taknx 3HaYeHHAX T NpaBas 9acTh HAMIETO
YPaBHEHHS HETIOJIOKHUTENbHA, a JeBag — HeoTpuuarenbHa. CreloBaTelbHo, PABEHCTBO BO3ZMOMKHO
JINIIE B TOM CJIIyuae, Korna obe dyacTn obpamaiorcd B HY/IL OJHOBPEMEHHO, TO €CTh IpH © = 2.

Omeem. 2.

Sapa4ua 3. Pemutth ypapnenne: v6x — 22 — 8 + o — 4 =22 — 7o + 12,
Pewenue. Hatinégm O13:

6r—22—82=0, 2
=
r—4=20 T

Taxum ob6paszom, O3 mamero ypapHeHna COCTOHT H3 OJHOM-¢IHICTBeHHOH TOUKH, W OCTAGTCH
Jmimek npoeeputs eé. [oactapnsgem © = 4 B ypapHenne u ybesxmaeMcd, 9T0 JaHHOE YHCIO AeHCTBI-
TEJIBHO ABIACTCH KODPHEM.

r <4,
— r =4,
4

\V /f\

Omeem. 4.
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Bamaua 5. Pemmrs ypasnenne: Va2 — 6 4+ 4 = /2 — 1.

Pewenue, -31"‘-]3&}3110111'10 PaBHOCH/ILIIO CHCTeME!

:1“-2—6:1”+¢l=:1“—1_. :TQ—?:I‘+5=U__
;I‘—l;(]' ;'!‘—]_2(]'.

E"TPELBHCIIHC HD.‘T}"iCIIIIOﬁ CHCTEMBI UMeeT KODIHN

74429 T— /29
rn=————--, = — .
1 2 ’ 2
Hucao Iy VIOBRJICTROPACT HEPABCHCTBY CHCTEMBLI OHUEBHHELIM 06p3§30M H [IOTOMY ABRJIHCTCH KOPIHEeM
HCXOIHOro VpaBHEHHHA. H])DBC]}HI\'I Ta:
T—+29 1 5—420 V25— /29
ro—1= 1= = -
2 2 2
C.‘ICEDB&TCHLIID? Ty HE ABJIACTCH KOPHEM HCXOIHOTO VDaBHCHHA.
3&1\-101"1;?0, HUTO IPOBCPHTDL HCOTPHIATCILIOCTD BhIPaXKeHnud T — 1 (HpH TaKHX-TO T'y] 1 ;I'2!J OKar
SBIBACTCA CVIIECTBEHIIO JIeTYe, HYeM TelIaTh 3TO IJId KBaIpAaTHOIO TPEX"{.‘]CII& 'I'-E — 6 + 4.

Omeem: %@ .

33213‘1]/] AJIsl CAMOCTOATEJIBHOI0O PCIICHUA
1. Permmuth nepapencTrO: Vi + 20 —3 > =2
2. Pemmro nepasencro: v4r — 3 — 22 # 0.
3. Pemmutn ypaBnenmne: v/ =3z + 3 =x — 1.

4. Pemmurn ypapnenue: Va2 —r 4+ 2 —r — 12 = \/r — 1.

5. Pemuth ypasnenne:

a) Va2 —=Tr+1=+v222—15r + 8: 6) V22 + 7 —4=3r+3.

6. Pemmurn HepapencTBo!

a) V2 —a < V3r2 =20 —2:

Jlorapudgpmuieckne ypaBHEHIS H HEPABEHCTBA

Kpatkue TeopeTnueckue cBe1eHHs

HpH peliennn .T[Ol"apI/ICl)MI/I‘IeCKI/IX ypaBHeHI/Iﬁ MDBI ITOCTOAIINO HCIOJL3YCM OTMCHCIHDbIC BbIIIC
CBOMCTBa ,“IOFa‘pH(bI\III‘IC(‘KOﬁ (1)}"IIKL[HHZ OIla MOHOTOHIIa 1 MOZKeT IITPHHHUMaTDL JTIOOLIC SIAYCeITHS. KpO-
Me TOro, IICO6XQ,E[.HMO CJICIUTL 3a 001aCTAMI olrpeJe/icngd JIO]."&]JH(])MOBZ

1. HCpCMCIIIIbeI apryMenrT Jora.pncbma JOJIZKCIT OLITD ITOJIOZKHTEeJILILIM,

2. IIepeMeHIIoe oCHoBalme J'[OFEIPH(})I\I& JTOJIZKIIO OLITL TTOJOKHATEALIILIM 1 TIe PaBHDLIM CIHITHIIC.

Bamava 1. Pemmuts yparnenne: log,(x — 2) 4 logy(x — 3) = 1.

Pewenue. Oba I[OTEI])H(])M& OAIMOBPEMEHIO ollpe/Je/IeIbl TP BLINMOJIHCHNNT CUCTEMDBI IepaBeHCcTB:

r—2>0,
r—3>0,
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TO CCTL IIpU = > 3.

Hamommm, uTo mepecevente obmacTeil ompemedennd BeeX (DYHKIMH, BXOIANNX B YpABHEHUE
W HEePABEHNCTBO, HasblBaeTed obnacmvio donyemumnr snavenuit (O/3) nannoro ypasnenns uin
HepagencTBa. Taxum obpazom, O3 Harero ypaBHeHus: ecTh MHOYKECTBO - > 3.

Haiima OJI3, mepexonnM K mpeobpasopanndaM ypapuennd. aeen:

logy(z — 2)(x —3) =1,

OTKYIIA
(z—2)(x=3)=2

Packpbipasg cKOOKH 1 MPHBO/IA MOJI0DHBIE, TTIOJIYUaeM KBaJIpaTHOe ypaBHeHHe
2 r ,
" =br+4=0

¢ kopuamn 1 n 4. [Tpu stom auciio 1 we npunaiexnT O3 1 mosroMy He dBJigeTed KOpHeM HCXOIHOTO
ypaptennsd. Yucno 4 sxomnt B OJI3 n, cienopate/bio, OyJeT KOpHeM HCXOJTHOTO YpaBHEHNS.

Omeem: 4.

Samewanue. Uekarn O3 3inech ObLio e obgsarennio. Mozkio, mumys naxoxienne O3, maittn
Kopuu 1peobpazosalioro ypapiennud (1 u 4) u 3aTeM IPOCTO MOACTABUTL KayKILLil I3 HHX B HCXO[-
HOe ypaBHeHHe, BRIACHUB, KTO TOJNTCH, a KTO — HeT. eficTBUTE/ILHO, JerKo TPOBEepUTh, ITO TIPH
r = 4 ncxoH0e ypapHeHHe MpeBpaliaeTcd B BepHoe THCJIOBoe paBeHCTRo, a IpH © = 1 HoJyJaiTcd
OTPHIATE/ILIILIE THCIA O JoTapHgMaMI.

Bagaua 2. Pemutnh ypasuenme:
lg (% 4+ 20 —5) —lg(x — 1) = 21g 3. (2)

Pewenue. pn naxoxaennn O3 nac nomkniaeT nepsagd (IVeTh 1 HeboIbINad ) HEIPUATHOCTD: KOP-
mn Tpéxwiena r? 4+ 2r — 5 uppannonapinl. Ho 970 em@ mosnbeanl. [VaBuag HenpUATHOCTL COCTORT
B JIPYTOM: KOPHH IpeoOpasoBaIiioro ypaBplelsd OKazKyTed TaKHMI, ITO ITPOBepKa HX I1a BXOZKIe-
nne B O/13 win HemocpeacTBeHHAA IMOICTAHOBKA UX B UCXOIHOE VpaBHEHNe MOTPeOVIOT IPOMO3IKIX
BLITHCTCTIHIL. 7

BaMeTHM, 1TO HCXO/Hoe ypaBHeme (2) paBHOCHILHO CHCTEeME:

2492 -5
TR0 oy,
i r—1 - (3)
r—1>0.

B camom jesie, BedKHi Kopelib ypasHerns (2) yiaoaersopger cicteme (3). ObpaTho, mycTh g
ecTh pemtenne cucreMsl (3). Torga, coracuo onpeeenno jorapiudma, BHIIOIHEHO HePABEHCTBO

2 ¢ [
rg + 219 — 5
)]

g — 1
C yaé ” -1>0 & TC 24200 -5 >0, Tak w OyIeT K

0 VIETOM HepaBercTBa T > 0 momytwaeMm oTciofa af + 2xg — 5 > 0, Tak 4T0 9 OYIeT Kopiem
vpasrerus (2).

Urak, maM HyZKHO PEINTL ypaBHEHHe CHCTEMEI (3) I 0ToOpaTh Te €ro KOPHI, KOTOPLIC YI0BIe-
TBOPAIOT TepaBencTsy x — 1 > (.
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BanncelBaeM ypaBHeHne cHCTeMbI (3) B BHe:

2+ 2r—5
o -

S

I
x—1
B cuny momoTtonnocTn (byHKIUK y = lg r moaytIaeM oTCoIa:
2 9. =
a*+2x -5 9
x—1 o

[TpeoGpaszya, TPUXOINM K KBAIPATHOMY YPABHEHHIO

= Tr+4=0,

KOPHHI KOTOPOT'O PaBHDLI:

T+V33 7—/33
= T ) €Ty = T .

Hawm ocraéres BLIACHHUTD, YAOBJICTBOPAIOT JIM HHC/IA 1 0 To HEPpaBCICTBY r — 1> 0.

Tucso xy YAOBACTBOPAET STOMY HEPABEICTBY OUEBUIILIM 00Pa30M, HOCKOILKY 1 > 7/2. Cueno-
BaTeJ/JILHO, 7y — KOPCEIb HCXOIIOr'o ypaBIHCeHULd (2)

[IpoBepsenm xo:
TV 533 V25 —+/33 0
I
Taxu 0DpasoM, e 1e ABJIgeTeS KOPIHEM HCXOIHOTO YPaBHeIHs.

74+ 4/33
Tt

€1

.1’2*1:

Omesem:

3amada 3. Pemuth ypapmenne: logf r+logyv/x — 1.5 =0.

1
Pewenue. 3anermm, aro log, /r = log, 22 = %105;4 . MMeen, TakuM obpasoM:

A 1 3
IOgil’+§10g4f—§:0,

Bamena t = log, © IPUBOIUT K KBaJIPATHOMY YPABHCHHIO OTHOCHTEJILHO t:
2+t —3=0,
KOPIHI KOToporo paubl 1 n —3/2. O6paTHnag 3aMena:
log, =1, =4,

~
=477 = (22)

_3
2

bo | o

log, v = —

0|

Omeem: 4, i
8
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3az[a'm AJIA CAMOCTOATEJIBHOI0 PEIICHUS

1. Pemmre ypaBuenme:

2. Permmure ypasuenne:

a) loggz = 3 6) logyx = —2.5;
3 3
B) 10%16;{?:_;: 1“) 10g8_1117:—§.

3. Pemure ypasnenue:

a) log-(r? — 3z +3) =0; 6) logg (22 —3) = logy 4 (= +5):

B) lg(z —7) =1g(32 —9); r) 10g3(;r2 —6x) = logy (5 — 2x).

4. Penmire ypasnerne:

a) log2x — logy r = 2: O : =1:
) B3 T By T )lgI—3+1gI+1
) log? ] 6=0 ) ! + ° 3
B) logy o —logsx — 6 =0; r : =
05 o2 ' 1 —logs 5z logsba —2
5. Pemmre ypasuenue:
a) logs(x +1) +logs(z +3) =1; 6) lg(3z* + 12z + 19) —1g(3z +4) = 1;
B) lg(z —9) +1g(2x — 1) = 2; r) logy(z® — x — 3) — logy(z + 1) = 3.
7. Pemute ypaBHeHue:
, 1
a) log?x — 2logs 2% + 4 = 0; 0) logys(2z —3) — 2 log 5(2x +3) = 0;
B) lg?r —6lg/z = glg z® —4; r) 2logy(4 —z) =4 — log,(—x — 2).
11. Pemure HepaBeHCTRO:
a) log,r > 4; 0) log;xr < 2;
8) loggs < 0; r) logsa > —3.
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12. Pemmte HepaBeHCTBO:
a) logs(x —3) 2 1; 0) log%(Q;r: —6) > —1;
B) log, (%? + l) < 2: r) logy, (2% — 5z + 196) < —2.

13. Pemnre HEpaBEHCTRBO:

a) lg(2z —3) > lg(z + 1); 6) logi(2z — 1) > logi(z +4);
B) logy(z? — 22 — 2) > log,(4 — z): r) log,,(z* — 3z + 2) > log,,(z + 7).

14. Pemmure HEpaBeHCTBO:

a) lo

B) Ig

i

x +log;(z + 1) < log; 2; 6) log%(r‘l —z) = log, 2 — logs (z —1);

(:

r+2)—lglx—1)>1; r) 1 +log,(z — 2) > log,(z* — 3z +2).
15. PemmuTe HepaBeHCTBO:

a) lg*r —2lgz —3<0; 6) logyx = 9;
) logl = + log% r—6<0; r) log2. < 4.
3 - .

TpuroHomerpuveckne ypaBHeHuUs!

Kpamxkue meopemuueckue ceedenus
1) 2sin® x+5cosx =4
ypaBHEHHUE COAEPKUT (DYHKIIMU OJIMHAKOBOTO Yrjia, MOXKHO IPUBECTH K KBAAPATHOMY
YPaBHEHHIO, €CITH 3aMEHUTH Sin® X =1—c0s? X :

2(1—cos2 x)+5cosx:4

2-2c0s’ x+5c0sX—4=0

—2¢0s?> Xx+5c0sX—2=0

2c0s’ x—-5c0sX+2=0

[Tycth cosx =t, Toraa

2t2 -5t +2=0 D=25-4.2.2=25-16=9
543

1 N . 1 .
t,= 7 t=2 t,= > Y TOTJ]a UMEEM JIBa MIPOCTEHUIITUX YpaBHEHUS SiN X = > HSinX=2

pelaeM X, MpuMeHss GoOpMyJIy pelieHHs ypaBHEeHHs SiN X = a

SiN X # 2 ypasHeHue He SinXZE
MMeET pelleHunsa, T.K. n B 1

_ x=(-1) arcsin=+zn,neZ
[sin x| <1 2
X

(—1)n %+7zn, neZ

T
U Toraa, oTBET: X = (—1)n E+7zn, neZ

2) 2sin® x+55in(gﬁ—xj—2 =0
(YHKIIMM MMEIOT pa3HbIe YIIIbl, IPUBEIEM K OJTHOMY YTITY, UCTIONB3YS (DOPMYIIbI IPUBEICHHS:
2sin? x—5cosx—2=0, T.K. sin Gﬁ— xj =—C0S X

YUUTHIBAS, 4TO Sin® X =1-c0s® X , MMeeM:
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2(1—cos2 x)—SCosx—Z:O 2c0s? Xx+5c0sx=0

2-2c0s? x—5c0sx-2=0 cosx(2cosx+5)=0
npousBeaeHue paBao 0, eciu XOTs ObI OJIMH U3 COMHOXHTENEH paBeH 0, umeem
cosx=0 2cosx+5=0
T u 5  — YPaBHGHHE HE MMECT PEIICHHs, T.K. [cosX| <1
X=—+znnel’ COSX #——

OrtBer: x=%+7rn,nez.
3) tg3x =tgx

tg3x —tgx =0
tgx(tgzx—l):0:>
tgx=0

i tg?x —1=0;tg?x =1 ¥ TOr/a tgx = +1 x=rktZ keZ
X=nnneZ 4

OTBeT: X=7N,Nne’Z; x:ﬂki%,kez.

4) sin7x+sin2x=0
JIEBYIO YaCTh YPAaBHEHHS MOXKHO MTPpeoOpa30oBaTh B MPOU3BEACHHE, UCTIONB3YS (HOPMYITy
o+ o —

p -C0S g

sina+sin = =2sin >
25in7x+2X-COS7X_2X=0
2 2

25ingx-cos§x:0 H TOT1a

2 2
singx=0 1403071 cos§x=0

2 2
gX=7rn,neZ §X=z+7zk,keZ
2 2 2
X:Eﬂ'n,nez X=z+g7zk,kez

9 5 5
OTBeT: X=§7zn,neZ x=£+z7zk,keZ.

9 5 5

5) 4cos® x+4cos®>x—3cosx—3=0
JICBYKO 4aCTb MOKHO Hpeo6pa30BaTL B IIPOU3BCACHUC, UCIIOJIB3Ys CHOC06 TPYIIINPOBKU:

(4cos3 X+ 4c0s> x)—(3cosx+3) =0
4cos® x(cos x +1)—3(cos x +1) =0

(cosx+1)(4cos2 x—3) =0

H TOoraa
4c0s° x—3=0
cosx+1=0
NIn 9 3
cosx=-1 COS° X =—
4
3 3
X=m+2xn,ne”Z CoOSX == Z:i'?



X:ﬂkiz,kez
3

OTBCTIX=7Tki%,k€Z X=x+2rn,nel.

6) PaccmotpuM ypasrenue sin? x —10sin X -€os X +21cos® x =0

3ameuaeM, 4To JieBask 4YacThb YPaBHEHUS €CTh OJJHOPOIHBIM MHOTOYJIEH OTHOCUTEIBHO (DYHKIIMH
sinX u COS X, a mpaBasi YaCTh paBHA HYIIIO.

Takne YpaBHCHUA HA3bIBAOTCA O AHOPOAHBIMU TPUTOHOMCTPUYCCKUMU YPABHCHUSAMMU. I[J'ISI ux
pelIeHus HaJl0 KXl WICH YPaBHEHUS Pa3JeiuTh Ha COS X WX SiN X B TOM CTETICHH, KAKOBa
CTCIICHb YPAaBHCHMU:

sin?x  10sinx-cosx  21cos®x _ 0
cos’ X cos’ X cos’ X

tg%x —10tgx + 21 =0,

pelaeM KBaJipaTHOE YpaBHEHUE OTHOCUTEIBHO (DYyHKIUU tgX .

ITycte tgx =t, Torma

t?-10t+21=0
D=100-84=16
2 =10;_r4; t,=7 t,=3
TOTAA tgx =7 tgx =3
X=arctg7+zn,ne”Z x=arctg3+zn,ne”Z
Xx=81°52"+180°n,ne Z Xx=7133+180°n,ne Z
OTtBeT: X =81°52'+180°n,ne Z X=7133+180°n,ne Z .

7) 3sin? x—4sin x-cos X +5c0s* X = 2
JlaHHO€E YpaBHEHHE IPUBOIUTCH K OJHOPOAHOMY TPUTOHOMETPHUYECKOMY YPABHEHHIO; I STOTO

NPEJICTaBUM 2 = Z(Sin2 X +C0s? X) :

Hmeem:

3sin® x —4sin x-cos X +5c0s” x = 2(sin2 X + C0S° x)
3sin? x—4sin x-cos X+ 5¢0s® x —2sin? x—2cos? x =0
sin? x—4sin x-cos x+3cos” x =0

paszenuM Ha COS? X

tg2x —4tgx+3=0

tgx=t; t>—4t+3=0

D=16-12=4
+

' 2

tgx =3
tgx=1

Xx=arctg3+zn,ne”Z
x=71°33 +180°n,n e Z X=%+7rk,keZ
OtBer: X=71°33'+180°n,neZ x:%wrk,k e’l.
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3agaum VI CAMOCTOSATEIbHOI0 PelieHU s
1 Peuuth ypaBHeHUs:

1.sin2x:1; 2.cog X% =0; 3.tgbx=1, 4.sin X_z =0; 5. ctgfzo;
2 3 4 4 3 2

6. singz—l; 7. cos3x=1, 8. tg§=o; 9. tg(x+%j:1; 10.ctg4x =1,

11. sin 4x-tgg=0; 12. cos2x-tgx=0; 13. sin 2x-cosx —cos2x-sin X =0;

14. 2sin®x=1; 15.cos’x=1; 16.ctg’x=3; 17.tg°x=1; 18.tg°x =tgx;

19. tgx(sin x +cos x)=0; 20. cosx(tgx—1)=0;  21. tg % -(1+cosx)=0;

22. sin 3X-COS X —C0S3X -Sin X = —?; 23. COS4X-COSX+Sin 4X-sin X = —%;
24. 4sin®x +4sin? x —3sin x—3=0; 25. 2C0S X + tgx — 2tgx - cos X —1=0;
2 PemmnTh ypaBHeHH:

1. 2sin®x—7sin X+3=0; 2. 4cos’ x+sin x—1=0;

3. 2sin?x+3cosx =0; 4.c0s% 4x —sin?4x —cos4x = 0;

5. €OS2X =Ssin X; 6. 3sin2(x—37ﬂj—cos(x+47z):0;

7. 25in2x+55in[37”—x)—2:0; 8. 2c052[%—xJ:0032x;

9. c0s?(90° + x)—cos® x —3cos(90° — x)+ 2 =0;

10. ctg{x—%}—ctg(x—%ﬁj—Z =0;  11. 4sin x—cos’(z —x)-4=0;
12. 5ctg®x —8ctgx +3=0; 13. sin® x —10sin x - cos X + 21¢os” x =0;

14. cos? X +sin X-cosX —1=0; 15. 3sin® x—4co0s® x = %sin 2X;

16. sin®(x + 7z)—10sin (x + 7)- cos(x — )+ 21sin 2(3?” + xj =0;

17.3sin? x + 2sin X'COSX—5Sin2(3§—X) =0; 18.3sin” x —4sin X -cos X +5¢08° X —2 = 0;
19. sin 5x + cos(% — 7xj =0; 20. cos(x —70°) =sin (x + 70°);

21. cosx =sin 3x; 22. 1—cosx=23in§;

23. sin(30° + x)+sin (30° — x) = %; 24. c0s15x = sin 5x;

25. 3sin x+4cosx =4; 26. +/3sin X—cosx=1 27. 8sin x+3cosx =5;
28. 3sin 2x+2c0s2x=2; 29. cos3x+sin 2x-sin x=0;
42. sin 2X —2sin X =C0S2X —2C0oS X +1; 43. \/§(cos X +sin 3x) = Cos 3X + Sin X.

3. Peruth HepaBeHCTBaA:
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1-C03X>—%; 2.th<—\/§; 3.Sinx<§;

4.ctgx > \/§; 4, sinx<0; 5. ctgx<1;
6. sinx>—%; 7. tgx>§; 8. sin x > -1,
9. cosx<—£; 10. cosi<—1; 11. sin5<0;
2 2 2
12. ctgx > —J3; 13. sin [Zx —zj > i; 14. cos(5 + < ﬁ
3) 2 2 4 2

4. PeliuTh cucCTeMbl yPABHEHHUH

L [xry=a - ey =1 g [XTy=a  [sinx.siny=036
lsinx+siny=a' |16’y — 4’ |tgx+tgy=a |cosx-cosy =014

101



BAPUAHTBI CAMOCTOSATEJIBHBIX PABOT I10 TEMAM
1. PannoHabHbIe YyPABHEHHUS M CHCTEMbI

Bapuanr I
1) Pemuts ypaBHEHueE: 4 + 13 =4
xX+2 4-x?
o 2 - 31 .5 2
2) BbINoJIHUTE AEUCTBUA U PE3YNIbTAT U300pa3UTh FEOMETPUUECKHU: o a? +2i° —4i
—1+4i
Y HalTH MOJYJIb M apTyMEHT pe3ysbTaTa.
-10
3) Pemmth HepaBeHCTBO: al <2
S5+2x
4) Peuth cucteMy ypaBHEHU:
8x =3y =1, . 47x =52y =344
(x +2y)(8x =3y) =12 28x +4,8y = -3,2;
Bapuanrt 11
x—5ay=3
1) [Ipu xakux 3HaueHusix ax <0wmy>3, eciu
X+y=2

1487 (5-i)°

2) BbInosHUTE AEUCTBUS:

Y HAUTH MOJAYJb U apTYMEHT pPe3yibTata.

4-3i  744°
3) Pemmth cucTeMbl ypaBHEHH:
) X —2xw +y=-2 5 L7x +3,8y =33
a
x+2x +y=10; 45x +54y=-99

4) Pemnthb ypaBHeHue: v3x2 —2—2=x

2. Tloka3aTesibHbIEe U JOrapupMuvecKue ypaBHeHUsl, UX CUCTeMbl H HEPABEHCTBA
Bapuaunr |
1) Pemuts ypaBuenus: a) logz (x + 3) + log2 (x — 1) =5; b)

3x +3x+1+3x+2 _7X +7x+l+7x+2

2)V 6 b V3= x
Ka3aTb 00JIACTh OIIPCACIICHU L KIINHA. -
pern e Y = -

olog,(3x-4) _g
3)PemmTh cucteMy ypaBHEHUH:

Iogg(x2 - yz)— logg(x+y)=05

- (1Y
4) Pemmth HEPABEHCTBO: 3 — (gj +8>0

Bapuanr |1
1) PemnTh ypaBHEHHUS:
2x 2x-1 2x-2 _ _
a) 3 -2.3°"-2.3 =1 0) logqlogq x=-1
3 2
3-X 4_ 8
2)P : log; —<-1 0) 257 Y > —
) Pemnte HEpaBeHcTBa:  a) log 15 ) 125

2) Toctpouts cxemarudecku rpapuk GyHkuuu: y =log;(x —1)
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4) Haittu x, ecnu: a) X= 4g'10972 _g-logs 4 6)Inx=-0,73

3. Tpuronomerpu4ecKkue ypaBHeHH.

Bapuanr |
Pemntes ypaBHeHus:
1)cos2x =0,26 6)3sin® x —4sin x-cos X +cos® X =0
2)ctg (§+10°J:4,2 7)3sin 2x = 2c0s X
3)sin§=—0,09 8)cosz(z+xj+25in(£+x +2=0
3 2 2
4)tg(2x—%)=0 9)cosx+12sinx=9
5)sin(2—3x)=0,098 10)sin (20° + x)+cos(70° + x) =1
Bapuanr |1
Pemnts ypaBHeHUs:
1)sin§=0,78 6)cosz(gﬁ+xj+2005(7r—x)+2=O
2)cos(g+20°):0,87 7)3sin 2x = 2c0s X
3)tg§:—0,09 8)4sin x-cos x-cos2x =1
4)ctg(2x—%)=0 9)cosx+12sinx=9
5)sin(2-3x)=0,012 10)sin (20" +x) +cos(50° + x) =1
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